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Learning by discovery* 


GERTRUDE HENDRIX, Teacher Co-ordinator, UICSM Project, 


University of Illinois, Urbana, Illinois. 


An analysis of some methods of teaching, considering 
the question ‘‘What is the discovery method of teaching?” 


THE ISSUE OF LEARNING by discovery and 
of teaching for learning by discovery is be- 
clouded at present by the fact that each of 
three very different procedures is being 
called ‘The Discovery Method.’ They 
are the inductive method, the nonverbal 
awareness method, and the incidental 
method. 


THE INDUCTIVE METHOD 


Many people think that ‘the discovery 
method’ is just another name for the in- 
ductive method. The inductive method is 
nothing new in mathematics education. 
Colburn’s book on teaching arithmetic by 
this kind of approach! was first published 
in the early 1820’s. The companion volume 
on algebra? came a few years later. This 
method was strongly advocated in reports 
of the National Committee on Reorgani- 
zation of Secondary School Mathematics 
in 1918 and 1923. That committee of the 
Mathematical Association of America 
drew heavily on earlier recommendations 
of E. H. Moore in the United States, 
Perry in England, and Felix Klein in Ger- 


* The writer acknowledges with gratitude many 
helpful suggestions from the following persons who 
read and criticized an earlier version of this article: 
Max Beberman, Alice G. Hart, Kenneth B. Henderson, 
R. Stewart Jones, David A. Page, and J. Richard 
Suchman, University of Illinois; Merrill B. Hill, 
Utah State Department of Public Instruction; and 
Stanley M. Jencks, University of Utah. 

1 Warren Colburn, First Lessons; Intellectual Arith- 
metic upon the Inductive Method of Instruction, new 
edition, with an introduction to written arithmetic 
by his son, Warren Colburn, and an introduction by 
George B. Emerson (Boston: Hilliard, Gray, Little 
and Wilkins, 1863). [Original edition about forty 
years earlier; others in 1849, 1858.] 

2 Warren Colburn, An Introduction to Algebra 
upon the Inductive Method of Instruction (Boston: 
Cummings, Hilliard, and Company, 1826). 
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many—mathematicians who were writing 
of these things around the turn of the cen- 
tury. Again in the early 1940’s, the Joint 
Committee of the National Council of 
Teachers of Mathematics and the Mathe- 
matical Association of America, in a report 
published as a yearbook of the National 
Council,’ strongly advocated the induc- 
tive method. These recommendations, 
however, were acted upon by such a small 
minority of teachers of mathematics that 
most people seeing the inductive method 
in action today think they are seeing 
something new. Furthermore, in clarity 
and productive outcome it is so far supe- 
rior to an authoritarian ‘‘tell’m and drill” 
approach that, to someone whose school 
experience has been dominated by a for- 
mal approach, the inductive method seems 
the final answer to all pedagogical diffi- 
culties. Hence, someone just now begin- 
ning to think seriously about theory of in- 
struction is likely to look upon the induc- 
tive method as the ultimate answer. The 
fallacy in the inductive method lies tn its con- 
fusion of verbalization of discovery with the 
advent of the discovery itself. 

The separation of discovery phenomena 
from the process of composing sentences 
which express those discoveries is the big 
new breakthrough in pedagogical theory. 
In some cases, correct verbalization of a 
discovery does emerge immediately after 
the dawning of awareness, but these cases 
are rare. They are confined to learners 


3 National Council of Teachers of Mathematics, 
Fifteenth Yearbook, (New York. Bureau of Publica- 
tions, Teachers College, Columbia University, 1940), 
Cf. item (c) p. 57. 
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with unusual powers of correctness and 
precision in the use of a mother tongue, 
and they are confined to situations in 
which the learner happens to possess all 
the vocabulary and rules of sentence struc- 
ture needed to formulate the new discovery. 
In most eases, for evidence that an induc- 
tive discovery has occurred, a teacher 
must be able to recognize responses or be- 
havior other than a linguistic formulation 
of the discovery. The widespread confu- 
sion of sentence formation with the dis- 
covery process itself has been responsible 
for much of the frustration, discourage- 
ment, and ultimate abandonment of the 
inductive method on the part of many 
teachers who have attempted to master it. 
As one head of a teachers college depart- 
ment of education has put .it, “But the 
only ones who can state a generalization 
from examining examples are the same ex- 
ceptionally bright ones who could have 
learned to apply the generalization from 
studying someone else’s statement of it in 
the first place!’ As a matter of fact, the 
only teachers who have been really suc- 
cessful with the inductive method are the 
rare ones who have acquired the knack of 
making the learner aware of generaliza- 
tions before calling for verbalizations. 
They have been doing “right things for 
wrong reasons,” and the subsequent un- 
timely verbalizations have only partially 
marred the outcomes. 

If the writer may be permitted so per- 
sonal a statement, I should like to record 
here that it was while in pursuit of greater 
skill with the inductive method that I first 
became conscious of the nonverbal aware- 
ness stage in discovery learning. From con- 
centrated work in helping student teachers 
to acquire skill in this method, I had be- 
come very conscious of three bad mistakes 
which beginners are likely to make when 
they plan and attempt inductive teaching: 
1. They begin to call for generalizations, 

exerting anxious pressure on their 

classes, long before the students have 
noticed any basic similarity among the 
examples the teacher has presented. 


wr, 


The discussion degenerates into a guess- 

ing contest during which the students 

try to find out “what it is the teacher 
wants me to say.” 

2. The teacher often calls for statements 
of generalizations when the students do 
not possess the vocabulary and rules of 
sentence formation necessary for a pre- 
cise verbalization of the generalization, 
even if they have “seen it.” 

3. The teacher often confuses generaliza- 
tions, which had to be discovered in the 
first place and, hence, are appropriate 
subject matter for rediscovery, with 
situations in which the generalization is 
arbitrary—something that is merely a 
matter of definition. 

A frequent costly consequence of item 2 
above is a teacher’s yielding to a tempta- 
tion to accept a faulty answer, an answer 
which is either false or nonsense. Sponta- 
neous verbal responses at moments of dis- 
covery are usually expressive of emotion 
only. Often they are ejaculations, refer- 
entially haphazard. Sometimes they are in 
sentence form but seem to be utter non- 
sense if repeated and examined. Or, still 
worse, they may be plausible, interpretable 
sentences which state false generalizations. 
Spontaneous verbal fragments often pro- 
vide clues from which a clover teacher can 
infer what is in a student’s mind, and for 
that purpose they are valuable. But, un- 
less the teacher is a tutor working with 
only one pupil, encouraging such responses 
can be very damaging to the learning un- 
der way in other members of the class. 
Even in the tutoring situation, an incor- 
rect spontaneous verbalization of a dis- 
covery—a sentence which really says 
something else—must be ignored and for- 
gotten as soon as possible. Accepting it as 
a “nice try’ can cause an involuntary in- 
terpretation of the false sentence to pre- 
vail over the correct discovery. If any 
recognition is accorded to such a response, 
the teacher must stick with it until coun- 
ter examples have revealed to the whole 
class that the sentence must be discarded. 
By this time the class has shifted to an ex- 
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ercise in language composition, which can- 
not be abandoned tactfully. Pushing on 
through to a correct verbalization at such 
a time usually demands a long, laborious 
digression. By the time the point is clear, 
most of the zest for the original learning 
has evaporated; and the production of the 
correct sentence, accepted at long last, 
may even destroy the anticipatory atti- 
tude with which ensuing applications of 
the generalization should be approached. 
(Experimentation has established that this 
effect of finality and detachment is 
avoided if verbalization of a generaliza- 
tion is postponed to a later lesson. At that 
time the linguistic formulation of things 
already “known” ean be undertaken as an 
end in itself.) 

The big problem in the inductive 
method has been to find some way of tell- 
ing when students are far enough along in 
an inductive approach for it to be fair to 
ask them to state a generalization. It was 
while a search was under way for a cri- 
terion by which to identify this stage in 
each inductive lesson that an event came 
along which led to my identification of the 
nonverbal awareness stage in discoveries 
of, concepts and generalizations. This hap- 
pened in 1937. 

As early as 1946, clinical experts in non- 
directive psychological counseling were 
pointing out that frequently there were 
very significant changes in behavior based 
on unverbalized insights, and that the ef- 
fectiveness of an interview could be de- 
stroyed by premature pressure for verbali- 
zation. The counseling experts were not 
telling us, however, how to detect when it 
was not too soon to press for verbalizations. 
When I designed my first experiment* for 
research on this question, for one group of 
subjects the teaching was terminated at 
the nonverbal awareness stage simply to 
call attention to the fact that that stage 
existed, that there was a way to tell when 
a learner was aware of a generalization 


* Gertrude Hendrix, ‘‘A New Clue to Transfer of 
Training,”’ Elementary School Journal, XLVIII (De- 
cember 1947), 197-208. 


which he might be asked to state. At the 
time that I designed this part of the ex- 
periment, it did not occur to me that as far 
as transfer power was concerned, the 
whole thing was there as soon as the non- 
verbal awareness had dawned. No one was 
more shocked than I was to find that not 
only did the learners who completed cor- 
rect verbalization of the discovery do no 
better on transfer tests than those for 
whom the teaching was terminated at the 
nonverbal awareness stage, but also that 
the verbalization of the discovery seemed 
actually to have diminished the power of 
some persons to apply the generalization. 
Charles Hubbard Judd in his conscious 
generalization theory of transfer had con- 
sidered ‘generalizing’ as synonymous with 
‘composing a sentence which states the 
generalization involved’.’ But that simply 
is not the case; unless Judd’s definition of 
‘generalizing’ is changed, we can no longer 
say that generalizing is the primary gen- 
erator of transfer power. 

Since 1946, the problems have become: 


a) How can teaching be planned and exe- 
cuted so that necessary verbalizations 
of discoveries are accomplished without 
damage to the dynamic quality of the 
learning itself? 

b) What is there about the nature of lan- 
guage and the process of acquiring a 
language, and what goes on when one 
uses language that could explain (and, 
hence, help us to avoid) detrimental 
effects of verbalization? 


Very soon a tremendously important 
by-product of this search began to appear: 
The discovery process itself is so exhilarat- 
ing (to both children and adults) that it 
becomes its own motive in academic work. 
As a solution to the motivation problem 
for children in a free society whose exist- 
ence is threatened by rapidly increasing 


5“‘The human power of generalization is so inti- 
mately related to the evolution of language that the 


two cannot be thought of as existing separately... 


language is the chief instrument of generalization. . . Ky 
C. H. Judd, The Psychology of Secondary Education, 
(Boston: Ginn and Co., 1927). 
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scientific and technical power in the land 
of an enemy, the promotion of successful 
learning by discovery has no parallel. But 
such teaching is an art with a difficult 
technique. Furthermore, it is dependent 
upon sound and clearly written textbook 
materials. Ambiguities, inconsistencies, 
“fuzzy” writing tolerated for centuries— 
all these must be eliminated from science 
and mathematics courses. (Another field in 
which such stumbling blocks abound is 
that of grammatical construction of word 
languages. The unifying concepts com- 
mon to all languages are now revealed by 
developments of the last half century in 
symbolic logic, but as yet these develop- 
ments have not been utilized in a reorgani- 
zation of grammar.) 


THE NONVERBAL AWARENESS METHOD 


This method has been described inci- 
dentally in the above discussion of the in- 
ductive method. It will be further ex- 
plained, perhaps, in the illustration devel- 
oped in the second part of this article. This 
is the method of teaching which has been 
found most successful with the UICSM 
Mathematics Project materials. The ma- 
terials are written to promote use of the 
method with a minimum of difficulty for a 
teacher to whom both materials and 
method are new. 


THE INCIDENTAL METHOD 


This is an approach widely promoted 
during the Progressive Education era. 

It is the method in which the school sets 
the stage for many experiences, which are 
usually being built around some central 
problem or project. Those who advocated 
this method knew that only generaliza- 
tions which emerged from experiences 
were likely to play a dynamic part in the 
learner’s later behavior and problem-solv- 
ing activity. But all too often they took no 
responsibility for seeing that instances of 
the same generalization came along close 
enough together for the learner to become 


"aware of either concepts or principles. 


With no underlying explanatory theory, 


those educators simply did not realize that 
most learners under such conditions sel- 
dom “‘broke through” to awareness of ab- 
stractions. Such a school program was 
doomed to triviality, except in the hands 
of a teacher who did many additional 
things, even though he did them for un- 
sound reasons. Many persons today associ- 
ate this triviality of results, from many of 
the so-called ‘activity programs’ with 
learning by discovery. They thus reject 
anything called ‘discovery method’. 


ILLUSTRATIONS 


The three separate and very different 
teaching procedures, each referred to by 
its proponents as ‘the discovery method,’ 
can be illustrated by reference to ways of 
teaching a multiplication rule for quo- 
tients. All three of the so-called discovery 
techniques are in contrast to any &4pproach 
through initial statement of a rule. Just to 
get that approach out of our minds let’s 
examine two possible statements of such 
a rule, one verbal, the other mathematical: 


1. For each first number, for each second 
number not zero, for each third num- 
ber, for each fourth number not zero, 
the quotient of the first number by the 
second number multiplied by the quo- 
tient of the third number by the fourth 
number isthe product of the first num- 
ber by the third number divided by the 
product of the second number by the 
fourth number. 


P a - c a 
© Wao -0W-Yaxo . a ke 

Such sentences are avoided in tradi- 
tional textbook approaches by resorting to 
garbled mixtures of arithmetic and meta- 
mathematics—rules which abandon refer- 
ences to numbers and tell one how to ma- 
nipulate figures to get an answer. The very 
existence of such language as ‘... the 
product of the numerators over the prod- 
uct of the denominators’ traces to con- 
fusion between numerals and the entities 
which numerals represent. Mathemati- 
cians have become aware of entities and 
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relations between the entities; they have 
then named, or symbolized, the entities 
and described the relations between them; 
and then they have thought that they 
were giving us the essence of their dis- 
coveries when they gave us the symbols 
and sentences. In the resulting despera- 
tion to make things clearer, they have 
composed verbal descriptions of their sym- 

‘bols and what they do with them, a sorry sub- 

stitute for making those with whom they 

are trying to communicate aware of the 
concepts and generalizations they them- 
selves have in mind on a nonverbal level. 

Stating an arithmetic generalization con- 

cerning products of quotients requires sen- 

tences about numbers. If a mathemati- 
cian says what he means, he needs sen- 
tences of the types illustrated in (1) and 

(2). In contrast, let us see how discovery 

lessons based on each of the three inter- 

pretations of ‘discovery method’ outlined 
above would proceed. 

Prerequisite to all three of the ap- 
proaches are these previous learnings: 

1. When a rectangle is divided into six 
congruent squares, each square is called 
‘one-sixth of the whole’; or, in general, 
for each counting number n, if a rec- 
tangle is divided into n congruent 
squares, then each square is called 
‘one-nth of the whole rectangle’. 

2. When a rectangle two units wide and 
three units long is divided into unit 
squares, the resulting six squares can 
be thought of as two of three, or as 
three of two, that is, two rows of three 
squares each, or three columns of two 
squares each. That is, for each count- 
ing number m, for each counting num- 
ber n, a rectangle m units long and n 
units wide is made up of m of n squares 
or n of m squares. 

3. The number of unit squares in any rec- 
tangle of the kind described above is 
mn, that is, multiplication is the arith- 
metic process by which one finds the 
area-measure of a rectangle when he 
knows its length-measure and width- 
measure. 
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Inductive method 


The class reviews the three items above, 
probably in the reverse order from that in 
which they are stated above. [It would be 
a more natural quasi-research approach if 
a problem to be solved had been stated 
first, for example: 


What is 3 of 2? 


Unfortunately, things are not usually 
done in this order. Hence, the prerequi- 
site review is imposed authoritatively by 
the teacher, instead of being something 
thought of as a way of shedding light on a 
new, unsolved problem. Conducting a re- 
view before stating the problem injects a 
false and unnatural element into the dis- 
covery process, and robs the children of ex- 
perience in an important technique of re- 
search. } 

Second, if not earlier, the problem is 
stated, and the teacher helps the student 
to find an answer to the question, “What 
is } of 3?” by making appropriate draw- 
ings (Figures 1, 2, 3) and then counting. 

First, a rectangle is divided into fourths 
and three of them are shaded. Next, the 
shaded part is divided into halves, and 
cross shading is used to identify one-half 
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of three-fourths of the original rectangle. 
Finally, each part of the cross-shaded sec- 
tion is found by counting to be one-eighth 
of the original rectangle. Then, by count- 
ing, the children see that one-half of three- 
fourths of the rectangle is three-eighths of 
the rectangle. So, the teacher records on 
the chalkboard at one side, possibly under 
the heading ‘Data’: 

] EY 

— of —=—-: 

2 4 8 
Referring back to ‘two of three’ and ‘three 
of two’ as synonyms for ‘3X2’ and 
‘2X3,’ all agree that it should be all 
right® to restate the last problem as: 

oe 


: 2. © 


The period at the end of the first line of 
data is erased and the line is changed to 
this restatement of the problem: 
1 oe ao ft $ 
— of —=—, i —-— « 
2 4 8 , 2» 2 
This process of making and examining 
appropriate drawings is repeated for at 
least three more examples, but usually not 
more than that. By this time, the recorded 
data may look something like this: 


1 3.3 a 
— f& —=—,; haere «onion 
2 4 4:38 
2 7. 1 2 2 
— & —=—, Ce -—-Xh——— 
3 5 15 5 3 15 


§In the UICSM materials the “‘times”’ sign, ‘x,’ 
Means multiplied by. That is, in ‘3X },’ the number 
named second is the multiplier. 


<p ie 
—— GC => heer” Serary ote 
4 5 20 5° £°2 
a 2.6 ae 6 
— of —=—, OF —— a 
°{ ee ; 7+ fi 


A teacher alert to the structural proper- 
ties of the set of numbers of arithmetic will 
also have, for example: 

3 Bains 
— £ ———», ¢—-K—=—-; 


8 . 7 = 

The differences between the experimen- 
tal procedure for this exercise and the 
drawings in Figures 1 to 3 will have been 
illustrated on the board as follows with 
Figures 4 to 6: 
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Figure 4 
































Figure 6 
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So 3 of 4=3, or }X}=3, and a corre- 
sponding entry is included in the table of 
data. 

The next part of the inductive lesson is 
usually introduced by the teacher with 
some remark, such as ‘‘Now, let’s see how 
we could have found the answers just by 
looking at the fractions.”’ The children are 
told to examine each pair of fractions and 
the fraction which names the product, and 
to try to tell how they could have found 
the product without drawing the picture. 
In the inductive method, the ability to “‘tell 
how to do it” is the criterion by which the 
teacher recognizes that discovery has taken 
place. 

As a matter of fact, children at this stage 
in arithmetic do not have the linguistic 
machinery for stating precisely what they 
mean when they have discovered the rule. 
The inductive method forces them into 
saying such things as “Well, you multiply 
the top numbers, and you multiply the 
bottom numbers, and then you write the 
top answer over the bottom answer.” 

A teacher’s insistence on more polished 
statements may call for something like 
“Well, to get the numerator of the an- 
swer, you multiply the numerator of the 
first fraction by the numerator of the sec- 
ond fraction; then... .” 

If the teacher is one of those rare ones 
who is trying to keep clear the distinction 
between numbers and numerals, he must 

then go back and remind the student that 
a fraction is not a number; it is a name for 
a number. So the student must revise his 
answer to say that the numerator of the 
answer is a numeral for the product of the 
numbers named by the numerators of the 
two original fractions, etc. All this time, 
the teacher keeps insisting that “If you 
can’t tell it, you don’t know it.” 

Finally, a statement acceptable to the 
teacher is achieved. Each student may 
write the new rule in his notebook, or he 
may be asked to turn the page in his book, 
where he will find a rule already stated. 
(Of course, some members of the class 
may have looked ahead already and found 


out what they were supposed to be say- 
ing.) The students are then considered 
ready to work a set of practice exer- 
cises. 

When well done, this method does give 


» each student what is sometimes called ‘an 


intuitive crutch,’ a device upon which he 
can fall back; he can repeat the experi- 
ment whenever he finds himself in doubt 
about the rule. Security and independence 
are provided, and, in contrast to a tell- 
them-and-drill approach, the inductive 
lesson seems a revelation in pedagogy. A 
well-presented authoritarian approach is 
very satisfying to someone who is already 
aware of the ideas being presented; but for 
a learner to whom the ideas are new, the 
authoritarian method at its best is a feeble 
best in comparison with the inductive 
method. And the inductive method at tts best 
is a feeble best in comparison with a gen- 
uine discovery approach which promotes 
and recognizes a nonverbal awareness 
stage in creative thought. 


The nonverbal awareness method 


Let us contrast the procedure called the 
inductive method with a discovery lesson 
which follows more closely a pattern of 
genuine research. The goal, as in the pre- 
ceding development, is the ‘multiplying 
fractions” rule. 

In this approach, statement of a prob- 
lem must precede the developmental re- 
view leading to the physical space drawing 
experiment by which an answer is found. 
From then on, the lesson may proceed ex- 
actly as in the inductive method up to a 
certain point. Then a highly significant, 
sharply defined difference appears. In this 
kind of discovery approach, as soon as 
each child has mastered the drawing-and- 
counting device for finding products of 
pairs of quotients, he is given a list of prob- 
lems to work. As far as the student knows, 
he is to work every problem on the list by 
making an appropriate drawing. The class 
activity thus shifts to individual seat 
work. What is not done before the bell 
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rings is to be finished for homework. The 
problems on the list should be arranged to 
promote interesting observations. The 
work sheet should provide a space for re- 
cording the answers to the problems. (At 
least two pairs of consecutive examples 
will illustrate the commutative principle 
for multiplication.) To give pause to the 
conscientious little task-doer who might 
work the whole list by making drawings 
just because that is what the directions (or 
the teacher) said to do, examples like the 
one below should be included: 


17 11 
—_ == ? 


21°19 | 


Students accustomed to this kind of dis- 
covery approach will, of course, be on the 
lookout for a short cut. Furthermore, from 
previous experience with the course and 
their teacher, pupils will know that find- 
ing and using a short cut is something that 
will be highly approved. Until this experi- 
ence has been built up, the directions for 
the exercise must contain some challenge, 
such as “If at any time you think you 
know what an answer is going to be before 
you make the drawing, please write down 
the answer and raise your hand.’”’ When a 
hand goes up, the teacher should go to the 
student, congratulate him, or advise him 
to check his hunch by another experi- 
mental drawing. It must be pointed out, 
however, that this direction injects a false 
note into the stage setting for true re- 
search. It is simply a device by which a 
teacher helps a class to get its first experi- 
ences with this kind of learning. 

In such a lesson, how does the teacher 
know when a discovery has taken place? 
Suppose he is walking about the class look- 
ing over shoulders. A sudden start, a flush 
of excitement, and a student begins writ- 
ing answers almost as fast as he can put 
them down. When a student begins to 
write correct answers without making the 
drawings, we have evidence of the advent 
of awareness. Awareness of what? Aware- 
ness of the “multiplying fractions’’ rule. 


If the child were not aware of it, he 
couldn’t be using it. To call a halt in his 
progress at this point for a long, tedious 
verbalization attempt is damaging in sev- 
eral ways. In the first place, it belittles the 
exhilarating accomplishment of the actual 
discovery. Whether he can “‘tell it’’ or not, 
the child knows very well that he has 
something. 

Then, in the second place, the verbaliza- 
tion attempt at this grade-school level 
is doomed to frustration. Numerical vari- 
ables, universal quantifiers, and the zero 
restrictions on domains are all necessary 
to a precise formulation of the generaliza- 
tion the child has just discovered. The 
most that a teacher can do is to accept a 
garbled verbalization of what was at the 
beginning a clear, dynamic insight. The 
more sensitive a child is to precision in the 
use of his mother tongue, the more damag- 
ing this process can be to him and to the 
learning which a moment before was so 
clear on the nonverbal awareness level. The 
more skillful the child is in interpreting his 
mother tongue, the higher the probability 
that a literal interpretation of his own in- 
correct statement will impinge itself upon 
him. If this literal interpretation of his in- 
correct statement contradicts the aware- 
ness that was already there, the original 
learning is mutilated.’ In a lesson of this 
kind, the child who notices that his neigh- 
bor is writing correct answers without 
making drawings is electrified into a 
search for “what’s going on.’”’ Knowing 
that one of his classmates has discovered a 
short cut has a much more highly motivat- 
ing effect upon him than a search for short 
cuts suggested by the teacher. The child 
who does not discover the rule before the - 
end of the class period still has his chance 
during his homework period—if well- 
meaning parents do not step in and spoil 
it all for him! 


7I use the word ‘mutiliated’ deliberately and 
almost angrily. My feeling about this issue has been 
built up from several years’ experience in seeing this 
thing happen to children over and over again.—The 
Author 
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On the following day the teacher pre- 
sents other examples, such as: 


Sete 
—_—x— 
3. 8 
6 9 
—_x— 
5 4 
6 21 
s 4 


In other words, overgeneralization and in- 
complete generalization are prevented by 
the introduction of examples which correct 
possible false impressions, not by verbaliz- 
ing the rule at this stage of the game and 
conducting a sophisticated search for false 
instances. (The more sophisticated pro- 
cedure is available and appropriate a few 
years later when these same children will 
have acquired the necessary linguistic 
equipment.) 

I do not wish to belittle the tremendous 
improvement in instruction which results 
from pursuing the inductive method, in 
contrast to authoritarian procedures. But 
those who think teaching for discovery is 
the inductive method are still blinded to 
this second tremendous breakthrough in 
theory of instruction. It is recognition of 
the nonverbal awareness stage in inductive 
learning that converts the classroom ex- 
perience into that of actual discovery, the 
kind of thing that promotes a taste for and 
a delight in research. 


The incidental method 


In contrast to both of the instructional 
procedures outlined above, let us think 
about the teacher who trusts that the 
“multiplying fractions’ rule will be dis- 
covered incidentally. 

In one project a child will need to find 
the cost of a sheet of gold leaf to line a 
jewelry box, for instance, when he knows 
the cost per square foot and knows that 
the sheet must be one-half foot wide and 
three-fourths foot long. He is taken 
through the drawing experiment until he 
finds an answer. No other instances of 
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multiplying one quotient by another come 
along in that project. Six weeks later (or 
six months, or a year) in connection with 
another project, he has another occasion 
to find the product of two quotients, 
Again the physical space drawings are 
used, the answer is found, and the project 
proceeds. All pressure from teacher and 
group is directed toward finishing the proj- 
ect. (Anyone who becomes intrigued by 
the multiplication process itself and di- 
gresses to investigate will be frowned upon 
by many of the educators advocating this 
kind of schoolwork.) From such examples 
widely distributed over time and space, 
the probability that the generalization will 
emerge is almost zero. Only a little genius 
who has somehow escaped with his taste 
for contemplation undestroyed will recall 
such widely scattered experiences all at the 
same time, and hence become aware of the 
mathematical generalization underlying 
them. Critics of education who confuse 
this kind of school program with every- 
thing else referred to as ‘learning by dis- 
covery’ are justified in opposing a dis- 
covery method. Much as I, the writer, ab- 
hor authoritarian presentations of sen- 
tences which express generalizations, the 
words later to be clarified by examples, I 
would prefer falling back upon that rela- 
tively deadly and deadening procedure, 
rather than to rely upon important basic 
principles “coming clear’ from experi- 
ences incidental to so-called ‘project ac- 
tivity’. 

So much for the status of the discovery 
method in educational parlance and edu- 
cational literature at the beginning of the 
decade to be known as ‘the sixties’! It is 
high time, however, for another category 
to be added to the list when discovery in 
mathematics is under discussion. Even the 
instructional procedure described under 
the nonverbal awareness method is not 
properly called ‘the discovery method’. It 
is possible to arrive at discovery by pure 
deduction, that is, by manipulating sen- 
tences according to logical rules. It is not 
likely, but neither is it impossible, that the 
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Come “multiplying fractions” rule would be dis- type of discovery. How do we know that 
as (or covered by derivation; most deductive both are discovery? Because a person can 
with proofs are checks for sentences first arrived do them.all by himself. The thing learned 
Pasion at inductively; but some very important __ is not received by communication. 
ents, principles, both in mathematics and in Much of the confusion permeating dis- 
S are physical science, have been discovered by cussions of learning by discovery comes 
roject deduction. A good example of something _from failure to distinguish discovery from 
F and in secondary-school mathematics usually | communication. One does not discover a 
| PEO} discovered (that is, rediscovered) in this concept or a principle in a book. He may 
d by way is the rule for finding the measure of _ discover there a name of a concept, a defi- 
d di one side of a triangle in terms of measures __ nition, a sentence which states a principle, 
upes of the other two sides and the cosine of the _etc., but before he “has” anything, he 
g this measure of their included angle. This isa § must engage himself in the process of in- 
nples case in which one begins with some sen- ___ terpreting the words and sentences of the 
pace, tences which express observations of a author, that is, he must complete a 
. will drawing. Starting with these sentences as communication process. Communication® 
enius premises, pure deduction takes over and __ usually plays an important part in setting 
taste out comes the desired formula. This last — the stage for discovery in the teaching of 
ecall sentence, discovered deductively, is then mathematics, but that part is quite differ- 
t the interpreted in terms of how the variables _—_ ent from actually communicating the new 
f the were used in the original drawing. Thisin- __ thing to be learned. 
lying terpretation of a final sentence in the de- 
ifuse ductive sequence reveals the desired geo- - ae 
yery- ‘ rd ‘ * A rationale of communication adequate for ex- 
di metric rule. This is a discovery process plaining this distinction has emerged from the non- 
1s- : ; ; ; verbal awareness research at the University of Illinois; 
dis- just as truly - is the inductive leap that the author hopes to make the theory available in 
. takes place in the nonverbal awareness _print soon. 
a 
, 
sen- 
the 
es, I 
rela- 
ure, Experiments in mathematics 
— The Board of Directors of the National Coun- 
eT I- cil of Teachers of Mathematics appointed a com- 
ac- mittee to gather information and to analyze 
experimental mathematics programs. This com- 
mittee would like your help in identifying such 
ery programs. It has limited its analysis to programs 
.du- that (1) have printed instructional materials 
the other than courses of study, (2) are of at least 
ag: one semester in duration, and (8) are not spon- 
t is sored by a commercial publishing firm. The 
‘ory committee will examine all material, ask the ex- 
in perimenter to make a short personal report, and 
publish as many of the reports as possible. 
the If you know of experimental programs or 
der have one of your own, we would appreciate re- 
not ceiving your material or having you contact the 
It chairman, whose address is: 
Puitip PEax, Chairman 
ure Committee on the Analysis of 
en- Experimental Programs 
not School of Education 
the Indiana University 
Bloomington, Indiana 
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Finite planes and Latin squares 


TRUMAN BoTTS, University 


New mathematical facts are constantly being discovered, 


of Virginia, Charlottesville, Virginia, 


and new mathematical ideas are continually being evolved. 
This is illustrated by developments in finite geometry. 


ALMOST EVERYONE KNOws that physics 
and chemistry are sciences in which new 
discoveries are made very day; but there 
are still people who think of mathematics 
as a “dead” or inactive field, in which all 
the important ideas were discovered hun- 
dreds of years ago. It comes as a great sur- 
prise to such people to find that new facts 
are constantly being discovered in mathe- 
matics, just as they are in physics or chem- 
istry. 
MATHEMATICS IN PROGRESS 


If you would like to get some idea of the 
bewildering rate at which mathematical 
discoveries are being made today, and at 
the same time find out at least the names 
of the fields within mathematics in which 
these discoveries are being made, try 
thumbing through some current issue of 
Mathematical Reviews, a magazine which 
can be found, if not in your school library, 
certainly in any university library. Mathe- 
matical Reviews is what is called an ab- 
stract journal. It comes out once a month, 
and each issue contains short descriptions 
or abstracts of mathematical discoveries 
that have been published within the past 
year or so in research journals the world 
over. Each monthly issue of Mathematical 
Reviews gives abstracts of some seven or 
eight hundred research papers. In this 
country alone there are currently pub- 
lished about thirty journals devoted to 
such mathematics research papers. So you 
can see that mathematical discovery is a 


* This address was delivered under the Visiting 
Lecturer Program to Secondary Schools, sponsored 
by the Mathematical Association of America with the 
support of the National Science Foundation. 


300 The Mathematics Teacher | May, 1961 


human activity which is very much alive 
today. 

I'd like to illustrate, as well as I can ina 
short time, this continuing process of 
mathematical discovery by telling you a 
little about just one example. This par- 
ticular example comes from the general 
field of geometry. You may not know it, 
but there are many kinds of geometry. 
The Euclidean plane geometry that most 
of you are already studying is just one, 
though a very important one, of these 
kinds of geometry. Let us go back to it for 
a moment. 


FINITE GEOMETRY 


As you know, in ordinary Euclidean 
plane geometry we start by supposing 
there are given some things, called points, 
and certain sets or collections of points, 
called lines such that certain assumptions 
or axioms are satisfied. We may have some 
intuitive ideas as to how points and lines 
should be pictured on the blackboard, but 
all the theorems in plane geometry are de- 
rived ultimately from these assumptions, 
or axioms, not from pictures. (Of course, 
there’s nothing wrong with drawing pic- 
tures to get suggestions as to theorems that 
might be true and ways that they might 
be proved!) 

In geometry, then, what theorems we 
get will depend on what assumptions or 
axioms we adopt. To get the “right” 
theorems (that is, the intuitively expected 
ones), mathematicians had to choose the 
axioms of Euclidean geometry pretty care- 
fully. As a matter of history, we now know 
that Euclid didn’t choose them quite 
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carefully enough, and that a really satis- 
factory set of axioms for ordinary Euclid- 
ean geometry was only obtained about 
sixty-five years ago, by the great German 
mathematician David Hilbert. 

The kind of geometry I want to tell you 
a little about is called finite projective plane 
geometry. It has a much simpler set of 
axioms than ordinary Euclidean plane ge- 
ometry has. By definition, a projective 
plane consists of some things called points 
and certain sets or collections of these 
points called lines, such that: 

Axtom 1: Every two points are con- 
tained together in exactly one line. 

Axiom 2: Every two lines contain in 
common exactly one point. 

Axiom 3: Every line contains at least 
three points. 

Axiom 4: There are at least two lines. 

These are all the axioms! Let us look at 
them for a moment. The first one we can 
easily understand. It just says in slightly 
more careful language that two points de- 
termine a line. So far this is just like ordi- 
nary Euclidean geometry. The second 
axiom says that two lines always intersect 
ina point. This is different from Euclidean 
geometry. In ordinary Euclidean plane 
geometry two lines need not intersect in a 
point—they may be parallel instead. In 
projective plane geometry, then, there are 
no parallel lines! 

This might seem to be a nonsensical 
sort of axiom, but I think I can make it 
seem a little more understandable and, at 
the same time, account for the name pro- 
jective geometry. When an artist draws a 
realistic flat landscape, he tries to imagine 
it projected onto his canvas. That is, think- 
ing of his canvas as a transparent pane of 
glass through which he is viewing the land- 
scape, he tries to represent each point of 
the actual landscape by that point on the 
glass pane which lies directly in line with 
the actual point on the landscape and his 
own eye. Historically, it was the theory of 
such projective drawing that led to the 
study of projective geometry in the first 
place. 











How does the artist draw the horizon 
line on his canvas? He draws it so that lines 
from his eye through it are essentially 
parallel to the plane of the landscape itself. 
How does he draw parallel lines, like the 
rails of a straight railroad, which extend to 
the horizon in the plane of the landscape? 
He draws them as lines which do intersect in 
a point, on the horizon line of the drawing. 

Returning to our axioms, Axioms 3 and 
4 are certainly not surprising since they 
are obviously satisfied in ordinary Euclid- 
ean plane geometry. As a matter of fact, 
in the Euclidean plane geometry that you 
study there are infinitely many points on 
every line and infinitely many lines. For a 
projective plane, though, there seems to 
be at least the possibility that there might 
be only finitely many points on some lines. 
Actually, it turns out that there are pro- 
jective plane geometries with only a finite 
number of points in all! Such geometries 
are called finite projective geometries. They 
were first studied systematically in the 
year 1906 by the American mathemati- 
cians Oswald Veblen and W. H. Bussey. 

In a moment I’ll show you an example 
of a finite plane geometry. But first let’s 
pause and examine this idea that a plane 
or a line might reasonably consist of a 
finite number of points. Intuitively we pic- 
ture a line as being somehow like a tightly 
stretched string or a straight chalk mark 
on the blackboard. Starting from these in- 
tuitive ideas, how could we ever be led to 
consider a set of three or four points as 
constituting a line? Well, suppose you and 
I are trying to formulate very carefully 
the axioms we think the mathematical 
notion of line should satisfy, in order to fit 
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our intuitive ideas about lines. Then, after 
we've listed all the axioms we can think 
of that lines should satisfy, suppose some 
clever but troublesome person comes 
along and shows us an example of a 
“line,” some peculiar set of points, that 
agrees with all our axioms but doesn’t fit 
our intuitive idea of line at all. Of course, 
one thing we can then do is to adjoin or 
include additional axioms, to rule out the 
troublesome example and thus bring our 
mathematical axioms about lines into 
closer accord with our intuitive ideas. In 
the history of mathematics this sort of 
thing has often been done. But sometimes 
something else also happens: the peculiar 
“lines” that the troublesome person 
thought up turn out to be interesting in 
themselves and to have unsuspected con- 
nections with entirely different branches of 
mathematics! This is just what has hap- 
pened with the lines of finite projective 
planes, as we shall see. We continue to call 
the new objects “‘lines,’’ because they do 
have some of the properties we intuitively 
associate with lines; and thinking of them 
as lines is useful because it turns out to 
suggest other properties that we are able 
to prove about them. 


AN EXAMPLE 
It is easy to show you a finite projective 
plane geometry. Consider (in the ordinary 
Euclidean plane) a circle with a circum- 
scribed equilateral triangle with its alti- 
tudes, as shown in Figure 1. 
Let us agree to consider only the seven 
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Figure 1 
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numbered points shown in Figure 1 as be- 
ing points of our projective plane. Let us 
also agree that the lines of the projective 
plane will be just those triples of numbered 
points which lie together on a side or alti- 
tude of the triangle or on the circle. The 
“drawn lines” on the paper are present to 
help group the points together into lines 
and aid the eye. The lines consist of only 
three points. It is easy to check that all 
four axioms are satisfied, so even though 
this geometry may seem rather strange, it 
has to be accepted as legitimate. 

If we list the lines, we find that these are 
seven in number. Thus, we can label the 
rows in a 7 by 7 square with these lines 
and the columns in the same square with 
the seven points of the geometry, as shown 
in Figure 2. 
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Instead of referring to Figure 1, we can 
use the square in Figure 2 to describe our 
seven-point geometry. When a point is on 
aline, we enter a “1” in the column labeled 
by this point and in the row labeled by this 
line; if the point is not on the line, we 
enter a “0” in this row and column. A 
square array of numbers like this is usually 
called a matrix. The matrix in Figure 2 is 
called an incidence matrix for the given 
seven-point geometry because it shows 
which points and lines of this geometry 
are “incident,’’ that is, which points lie on 
which lines and which lines contain which 
points. 

We can notice several things about this 
seven-point geometry. First, we have al- 
ready seen that it has exactly seven lines. 
Second, each line has the same number of 
points on it, namely three; and each point 


‘ is on the same number of lines, again 


three. These observations are all part of 
the following theorem, which would not 
be hard to prove if we had more time. 
(You can probably prove the first state- 
ment for yourself, and maybe the second, 
too!) 


THEOREM: For every finite projective 
plane P, there is a positive integer n, called 
the order of P, such that each line of P con- 
tains exactly n+1 points, and each point of 
P is contained in exactly n+1 lines. Fur- 
thermore, P has exactly n?+n+1 points 
and exactly n?-+n-+1 lines altogether. 


Our seven-point projective plane is of 
order 2: there are 2+1=3 points on each 
line; there are 2+1=3 lines containing 
each point; and there are 2?+2+1=7 
points and 2?+2+1=7 lines altogether. 

Does there exist a finite projective 
plane of any given order n? The complete 
answer to this question is as yet unknown. 
In 1906, Veblen and Bussey showed that 
there exists a projective plane of order n 
whenever n is a power of a prime number. 
As of now, projective planes of no other 
orders are known, though, so far, attempts 
to prove these the only possible orders 
have failed. Thus, the values of n below 20 


for which projective planes of order n are 
known to exist are the following: 


2=21 
3=3! 
4=2? 
5=5! 
7=7) 
8=28 
9=3? 
11=11 
13=13! 
16=2! 
17=17) 
19= 19), 


There are infinitely many powers of 
primes, so there are infinitely many posi- 
tive integers n which are orders of projec- 
tive planes. It is now known that there 
are also infinitely many positive integers 
n which are not orders of projective planes. 
The first, and for a long time the only, 
such n known was n=6. That there is no 
projective plane of order 6 turned out to 
follow from a discovery, made in 1901 by 
the French mathematician M. G. Tarry, 
about the apparently unrelated subject of 
Latin squares. 


LATIN SQUARES 


Now we turn our attention to a seem- 
ingly unrelated topic, Latin squares. The 
easiest way to grasp the concept of a 
Latin square is to look at some examples. 
Here is a Latin square of order 3: 


i 
ee 
Ss 4. 


By definition, a Latin square of order 3 
has three rows and three columns, and 
each row and each column contains each 
of the same three symbols exactly once. 
In this example, the three symbols are the 
numerals 1, 2, and 3, but any three 
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a 





distinguishable symbols would do just 
as well. Historically, the name ‘Latin 
square”’ derives from the early practice of 
using Latin (as opposed to Greek) letters 
as symbols in writing such squares. Here 
are two Latin squares of order 4: 


Z2aw A Ll 28s 4 
2.-4. 4.9) 341 2 
341 2 to 2 4 
43 2 1 a) 4%. 


Each of these squares has four rows and 
four columns, and each row and each col- 
umn contains each of the numbers 1, 2, 3, 
4 exactly once. Latin squares of order 5 or 
6 or any higher order are defined in a simi- 
lar fashion. 

The two Latin squares of order 4 shown 
above are related to each other in a special 
way. This is easier to see if we form a 
combined square, as below, whose ele- 
ments are the elements of the two given 
squares written in pairs: 


1,1 2,2 3,3 4,4 
2.3 1,4 4,1 3,2 
3,4 4,3 1,2 2,1 
4,2 3, 1 2,4 1,3. 


If we agree to count the pair 3,2 as being 
different from the pair 2,3, ete., we can ob- 
serve that in this combined square no pair 
appears more than once. Now there are just 
4X4=16 possible pairs altogether (be- 
cause there are the four possibilities 
1,2,3,4 for the first number of the pair and 
the same four possibilities for the second). 
Hence, since no pair appears more than 
once, each possible pair appears exactly 
once in the combined square. When this 
happens, the two Latin squares are said 
to be orthogonal. 

Orthogonal Latin squares are useful in 
the efficient planning or designing of ex- 
periments. Suppose, for example, that in 
a factory we wish to test four different 
machine operators with four different ma- 
chines, pairing operators and machines in 
all possible ways. We could use our orthog- 
onal Latin squares of order 4 to do this. 
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On the first day of the test we could pair 
men and machines according to the top 
row 


1,1 2,2 3,3 4,4 


of our combined square, that is, man | 
with machine 1, man 2 with machine 2, 
etc. On the next day we could pair them 
according to the second row 


2,3 1,4 41 3, 2, 


that is, man 2 with machine 3, man 1 with 
machine 4, etc. In this way, each man 
would be paired with each machine exactly 
once during the experiment, without ever 
leaving a man or a machine idle. In fact 
the orthogonal Latin square design ac- 
complishes a bit more. The four columns 
in the combined square may be thought of 
as designating four rooms, each to be oe- 
cupied by one man-machine pair. This re- 
sults in assigning men and machines to 
rooms in a “balanced” manner in that 
ach man, and each machine, is assigned 
to each room exactly once during the ex- 
periment. 

Orthogonal Latin squares have been 
known for a long time. They were first 
studied by the eighteenth-century Swiss 
mathematician Leonhard Euler. In the 
year 1779, he wrote a paper on Latin 
squares in which he posed the problem of 
finding two orthogonal Latin squares of 
order 6. He phrased this problem in the 
following interesting way: Can you ar- 
range 36 army officers, one from each of 6 
ranks in each of 6 regiments, in a square 
on a parade ground in such a way that in 
each row of the square, and in each col- 
umn of the square, there appears a man 
of each rank and a man of each regiment? 
This problem came to be called the “prob- 
lem of the 36 officers.”” For over a hundred 
years people tried to solve it. In the year 
1901, Tarry showed that it was impossible 
to solve it, that is, Tarry proved that 
there are no orthogonal Latin squares of 
order 6. His proof wasn’t very elegant; it 
consisted of checking hundreds of cases 
and took many hours to verify carefully. 
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Still, it saved people many more hours 
that they might have spent in trying to 
solve an unsolvable problem! 

When Euler posed the problem of the 
36 officers in 1779, he had already tried to 
construct orthogonal Latin squares of 
many different orders. He was able todo 
this for all the odd orders 3, 5, 7, 9, 11, 
and so on (You may be able to, too!), and 
also for all even orders that are multiples 
of 4, like 4, 8, 12, 16, 20, and so on. He 
was, however, unable to do this for any of 
the intervening even orders, like 2, 6, 10, 
14, 18, etc.; and he therefore conjectured 
that no orthogonal Latin squares of these 
orders exist. Subsequently, many mathe- 
maticians tried to prove or disprove 
Euler’s conjecture. It was still unresolved 
in the first decade of this century, when a 
German mathematician, P. Wernicke, 
worked out what he thought was a proof 
of Euler’s conjecture. His proof was pub- 
lished in 1910 in a respected German 
mathematics journal, and this seemed to 
settle the matter. In 1921, however, an 
American mathematician, H. F. Mac- 
Neish, published his finding that there 
was an error in Wernicke’s proof; and in 
the next year he offered a proof of his own 
along quite different lines. This turned 
out to be wrong too! You can see that 
Euler’s conjecture presented a very tricky 
problem. 

Euler’s conjecture is obvious for order 2, 
as you can easily prove for yourself; and, 
122 years after Euler made his conjecture, 
Tarry laboriously proved it for order 6. 
This left order 10 as the first unsettled 
ease: do there, or do there not, exist or- 
thogonal Latin squares of order 10? At 
the University of California at Los Ange- 
les in the summer of 1952, a group of 
mathematicians worked on this problem, 
among others. One of these mathemati- 
cians, James Ward, used a modification of 
Tarry’s method of checking cases. To have 
done this by hand would have been hope- 
lessly laborious, but Ward had at his 
disposal what was then one of the world’s 
fastest electronic computing machines, the 


SWAC. After over one hundred hours of 
machine search, millions of cases had 
been tested; but these were only a tiny 
fraction of the possible cases, and no or- 
thogona! Latin squares of order 10 were 
found. Had they been, this would have 
constituted a striking instance of the use 
of an electronic computer in proving a 
new mathematical theorem. 

Euler’s conjecture was finally com- 
pletely settled in the spring of 1959 by 
E. T. Parker, R. C. Bose, and 8. 8S. Shrik- 
hande. You may remember reading about 
this discovery, which made the front pages 
of newspapers at the time. It was also 
written up in a highly readable article in 
the Scientific American for November, 
1959, which I recommend to you. The re- 
sult was very surprising. Euler, great 
mathematician though he was, was wrong 
in all the previously unsettled cases: the fact 
is that orthogonal Latin squares of all the 
orders 10, 14, 18, 22, and so on, do exist. 
Only for orders 2 and 6 do they fail to ex- 
ist! 


CONCLUSION 


Now what do these discoveries about 
Latin squares have to do with finite pro- 
jective planes? Before we answer this 
question, let us mention one more fact 
about orthogonal Latin squares. Some- 
times it is possible to find several Latin 
squares, all of the same order, and each of 
them orthogonal to each of the others. It 
is not very hard to see, however, that for 
any given order n there can never be more 
than n—1 such mutually orthogonal 
Latin squares. (Try to prove this for 
yourself!) 

The connection between projective 
planes and Latin squares is given by the 
following theorem: 


THEOREM: There exists a finite projective 
plane of order n if and only if there exist 
n—1 mutually orthogonal Latin squares of 
order n. 


This theorem takes a bit of prov- 
ing, and about all we can say about the 
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proof here is the following. Recall that a 
finite projective plane of order n can be 
described by its incidence matrix, which 
has n?+n+1 rows and columns. It turns 
out that this incidence matrix can always 
be constructed by using n—1 orthogonal 
Latin squares of order nm in a certain 
fashion. Conversely, it also turns out that 
n—1 Latin squares of order n can always 
be extracted from the incidence matrix of 
a projective plane of order n. 

Now Tarry’s result assures us that there 
cannot be two orthogonal Latin squares of 
order 6, and, hence, there certainly can’t 
be five mutually orthogonal Latin squares 
of order 6. Therefore, by the above theo- 


What's new? 


rem, there is no finite projective plane of 
order 6. In 1949, two mathematicians, 
R. H. Bruck and H. J. Ryser, were able 
to find infinitely many values of n for 
which there is no projective plane of or- 
der n. 

There are, however, still infinitely many 
values of n left undecided. In particular, 
it is still an open question whether or not 
there is a finite projective plane of order 
10. By the above theorem, there is such a 
plane if and only if there are nine mutually 
orthogonal Latin squares of order 10. To 
date, only two have been found, and no 
one knows whether or not there are more, 
Maybe someone will find out tomorrow! 
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Square circles 


FRANCIS SCHEID, Boston University, Boston, Massachusetts. 
Square circles can be constructed provided 


Nowapays all mathematical literates 
know that Euclid was wrong. At least, 
like any other mortal, he was not entirely 
right. His method was inspired, his ex- 
ecution brilliant, his intuition powerful, 
but his logic was not entirely flawless. 
Speaking from the comfortable advantage 
of two thousand years of hindsight, we 
ean say that Euclid used results which he 
had neither formally assumed nor for- 
mally proved. These results seemed so ob- 
vious (For example, an arc joining a point 
inside a given circle to a point outside the 
circle must somewhere have a point in 
common with the circle.) that they were 
used where needed without either thought 
or mention. And in such oversights Euclid 
was, of course, wrong. 

There is a certain amount of satisfaction 
in criticizing the giants of the past. It 
brings a pleasant, temporary feeling of 
superiority. Astronauts of the twenty- 
first century may view with slightly up- 
turned noses the impressive efforts of 
today’s struggling pioneers. But criticism, 
like stones, should be cast only by those 
who are themselves faultless and whose 
houses are of sturdier stuff than glass. 

Disparaging remarks about square cir- 
cles in the recent mathematical literature 
lead one to wonder if the lesson of Euclid 
is still forgotten upon occasion, even by 
moderns who have learned it well. An ex- 
cellent recent volume on algebra asserts 
that the very thought of square circles 
does violence to both logic and common 
sense. And a fine effort to provide modern 
materials for the growing numbers of 
embryo mathematicians in our secondary 
schools singles out the square circle as an 


the foundation is suitable. 


example of what is clearly impossible. In 
both these cases, the nonexistence of such 
circles seems to be accepted, not on the 
basis of assumptions listed or results 
proved, but as something it would be 
ridiculous to question. If so, this would be 
Euclid’s error all over again. 

Two examples should now suffice to 
initiate a chain reaction of creativity and 
produce a heavy fall-out of square circles. 
In the spirit of first things first, however, 
we must begin by stipulating that ‘‘A 
circle is the set of points, in a plane, 
equidistant from a given point,” or words 
to that effect. Here the concepts of point, 
plane, and distance are abstractions. In 
these relativistic times, the number of 
humans who insist that only the original 
Euclidean interpretation of these terms 
is proper and sane dwindles annually. 
Those who remain dogmatic about it, 
when challenged to explain what, for ex- 
ample, a point actually is, bring forth a 
confusion of words but nothing of any 
more substance than Euclid’s desperate 
‘A point is that which has no parts.” (This 
bit of escapism may look anpealing, but 
anyone on the verge of deciding that it is 
for him should be told that Einstein and 
most of the world’s mental heavyweights 
will be on the opposite team.) Converts to 
the theses that the faster we move, the 
more slowly we age and the heavier we 
get, that it is senseless to speak of simul- 
taneous events, that our bodies are not 
smooth connected things but clouds of 
high-speed electrical particles totally sep- 
arated from one another, and that maybe 
somewhere creatures really do look out 
upon the world through X-ray eyes, have 
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learned to re-examine the image of the 
universe which they have personally been 
constructing since childhood. For such 
moderns the following examples will be 
child’s play: 

Taxicab geometry. A taxicab travels on 
a network of roads, a typical part of which 
is shown in Figure 1. Using mathematical 
license (and following Euclid), we imagine 
these roads and taxicabs to have no 
thickness and to consist of Euclidean 
points. This network will be our plane. 
The existence of other “‘points’”’ not on the 
roads is not recognized, not by taxicabs 
anyway. It is the lines of Figure 1, not the 
spaces, which concern us. As for distance, 
it is only common sense to use this word 
for a quantity measured along the roads as 
the taxicab goes, not as the crow flies. In 
skyscraper country even the crow may 
find our concept of distance quite useful. 
Thus, points A and B are at a distance of 
three blocks from one another, to use the 
most convenient unit, whereas the dis- 
tance from B to C is seven blocks. 

Now, where are all the points at a dis- 
tance of three blocks from A? It is a sim- 
ple matter to locate them. Figure 2 gives 
the picture. Behold the square circle! 

But not so fast. We must remember the 
lesson of Euclid and avoid too hasty con- 
clusions. The locus of Figure 2 is unques- 
tionably a circle, simply by definition. Its 
center is A, and its radius three. But is it 
also a square? What is a square anyway? 
And suddenly it becomes clear that there 
is an even more basic question. Squares 
involve straight line segments. So, what 
is a straight line? But this is easily settled. 
It would cause too much heartbreak if a 
straight line segment were to be anything 
but a path of shortest length between two 
points. Adopting this familiar definition, 
we soon realize that between two given 
points of our network there are quite a 
number of straight lines. From A to B, 
for example, there are three, as Figure 3 
shows. This issue is worth further atten- 
tion, and we shall return to it a bit later. 
At present, the subject of prime interest 
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is squares, and we are in serious trouble. 
Our entire circle has only twelve points, 
not enough to even dream about forming 
straight lines, let alone squares. Plainly a 
square can be formed with “vertices” at 
1, 2, 3, and 4 and it will include all the 
points of our circle, but it will include 
other points as well. The points of our 
circle are on a square, but they do not 
make up the whole square. Our success is 
incomplete. 

The previous paragraph is not, of 
course, thorough or rigorous geometry, 
Among other things, the word path has 
not been carefully introduced. Anyone 
interested can take a few moments to 
brace the foundations, and may then ex- 
plore taxicab geometry to his heart’s 
content. Here, however, we shall turn to 
a second example: 

The king’s walk. On a chessboard the 
king walks (majestically) one cell at a 
time, each step being to an adjacent cell. 
For example, a king at A in Figure 4 
could step to any of the numbered cells, 
1 to 8. The chessboard is now taken as our 
second interpretation of a plane. The cells 
will be our points. Note that it is now the 
spaces, not the lines, on which we must 
focus. An ordinary 8-by-8 board will do, 
but those whose imaginations require a 
larger radius of action may choose a 
larger board, even an infinite one if they 
wish. The distance between two points 
(cells) will be the smallest number of 
steps by which a king may proceed from 
one point to the other. The distance from 
A to B in Figure 4 is therefore three. Once 
again a straight line segment will be a 
path of shortest length joining two points. 
Once again, it is plain that between two 
given points there may be several straight 
lines. From A to B, for example, there are 
three. 

Now, where are all the points which are 
at a distance of three from A? It is a 
simple matter to locate them. Figure 5 
gives the picture. Behold the square circle! 

This time our success is complete. The 
locus of Figure 5 is a circle by definition. 
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Figure 5 


Its center is A, its radius three. There are 
twenty-four points on its circumference. 
These twenty-four points also form four 
straight line segments of length six, meet- 
ing at obvious vertices to form a quadri- 
lateral. Since the diagonals of this quadri- 
lateral are of equal length, again siz, there 
is sufficient justification for calling it a 
square. Certainly it looks like a square. 

Now that our main purpose is achieved, 
a moment spent as the ounce of preven- 
tion may make the pound of cure un- 
necessary. 

First, the obvious fact, that a line join- 
ing points on opposite sides of a given line 
must have a point in common with the 
given line, is incorrect. The two long 
diagonals of the chessboard in Figure 4 
constitute a counter example. 

Second, the obvious fact that there can 
be only one straight line joining two given 
points is obviously incorrect. Both of our 
examples show this, and we shall count 
the number of such lines shortly. 

Third, the obvious fact that there is no 
such thing as a biangle, (a polygon with 
just two distinct sides), is incorrect. This 
follows at once from the last paragraph, 
for any two straight lines joining the 
same pair of points form a biangle. Figure 
6 shows a delightful biangle, with vertices 
at 1 and 2. It takes will power to avoid 
noticing that this biangle is at the same 
time a square, with vertices at 1, 2, 3, 4. 
Moreover, it is also a triangle, with 
vertices at, say, 1, 2, 3. (The length of 
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Note that each interior entry is, as it 
should be, the sum of its left and lower 
neighbors. We conclude, for example, 
that the numbers of straight lines to 
points A and B of Figure 7 are 


A 252 
B 184,756. 


Now plainly, the computation may be 
continued and a larger table produced. But 
it is difficult not to notice that it is 
Pascal’s triangle which is being generated, 
in a somewhat different orientation from 
the usual. All our numbers are binomial 
coefficients. Indeed, the entry which is n 
rows above and m columns to the right of 
0 is actually 


(n+m)! 


nim! 





(2) 


or C (n+m, n). This number is perhaps 
more familiar when interpreted as the 
number of combinations of n things in a 
set of n-++m. We would have come to this 
result directly had we begun by observing 
that any straight line from O to a point n 
blocks north and m blocks east must be 
n+m blocks long, since no westward or 
southward travel can be permitted, and 
that two such lines differ only in the 
driver’s choice of when to include the n 
northward blocks. Putting them all first 
carries him around one boundary of the 
rectangle which has O and the target point 
at opposite corners; alternating them 
leads him, roughly speaking, through the 
middle. It is a question of which of the 
n+m blocks he chooses for the north- 
ward combination. 

The same numbers have, of course, 
many other interpretations. They appear 
in the most unsuspected corners of the 
world of mathematics. A very familiar 
appearance is as the coefficients in the 
expansion of 


(3) 4S eles 


by powers of t. The expression (3) is known 
as a generating function of C(n+m, n), 
which appears as the coefficient of ¢”. 


Which type of formula, (1), (2), or (3), 
is most efficient for actually producing the 
numbers C(n+m, n)? Rather clearly it is 
(1), which we used. Each new entry in 
our table cost us just exactly one addi- 
tion, an amazingly low price. Computa- 
tion of this sort, in which new entries are 
produced by a fairly simple process from 
entries previously computed, is known as 
recursive computation. The process itself, 
in our case (1), is called a recursion for- 
mula. Plainly, recursion formulas make 
for relaxed and efficient computing. 

And now finally, let us consider the 
same enumeration problem for the king’s 
walk. Again we choose some point (cell) as 
reference O and ask how many straight 
lines join it to various other points to be 
called P. By symmetry, P may be re- 
stricted to the quadrant shown in Figure 
8. Once again you may wish to give your 
intuition a workout. How many straight 
lines are there from O to A? To B? 

Another moment for meditation has 
arrived. Figure 8 and the honest effort 
which traditionally brings its own reward 
will eventually carry the (correct) con- 
viction that any straight line from O to 
P must enter P from one of its three im- 
mediate lower neighbors, Q, R, and S. 
This implies that to obtain the number 
of straight lines to P one simply adds 
together the corresponding numbers for 
these three neighboring points. In brief, 


(4) Np=NetNertNs. 


This recursion formula will produce re- 
sults beautifully, but it needs starting 
values and boundary values to feed upon. 





Figure 8 
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TABLE 2 
KIN@’s WALK NUMBERS If 
1 10 55 210 615 1452 2850 4740 6805 8430 9073 8430 6805 4740 2850 1452 615 210 55 10 1 
1 9 45 156 414 882 1554 2304 2947 3179 2947 2304 1554 882 414 156 45 9 1 
1 8 36 112 266 504 784 1016 1147 1016 784 504 266 112 36 8 I 
1 7 2 77 161 266 357 393 357 266 161 #77 #28 7 1 
1 6 21 50 90 126 141 12 90 50 21 #6 1 
Pike > a i ee aa Se i ee ae 
[ -—— a Ve. a ae ae ee oe 
ie sa ee, Fs 
cas 2 - aoe 
y 2 2 
0 
Observe, however, that from O to any What is to be concluded? It is cer- For 
point on either diagonal there is only one tainly not that square circles are vital argu 
straight line. A path of shortest length to elements of modern technology, though one- 
. . . . . ’. 
such points cannot leave the diagonal. the history of our subject reminds us We 
The boundary values are all 1’s. Table 2. _ often enough that it is perilous to predict argu 
now gives some results, each entry cor- ‘the path of applied mathematics too far slig 
responding to the similarly located cell of | over current horizons. lear’ 
Figure 8. Note that each entry is the sum Our conclusion is not new, but it will that 
of its three lower neighboring values. bear infinite repetition. In any branch of less, 
Although the recursion formula (4) is abstract mathematics we accept only mat 
perfectly satisfactory for producing the those facts which follow from the as- a Se 
king’s walk numbers, a natural human sumptions made. And assumptions made solic 
instinct seems to call for an expression must be openly declared, insofar as this is the 
similar to (2), which is not as useful a humanly possible. We do not keep secrets Se 
product as its competitor (1) but appears _ from ourselves or from one another. (This tion 
better packaged. One possible route to was Euclid’s error.) The carpenters who man 
such a formula is the observation that build the superstructure must be told and, 
7 the precise extent of the foundations. alge 
(5) (1+t+02) naitheigyr va 
Square circles can be constructed, pro- Ines 
is a generating function for king’s walk vided the foundation is suitable. They T 
numbers. When (5) is expanded, the co- _ are not illogical, or contrary to common still 
efficients are those entries of Table2in the sense, or ridiculous. They are merely non- for 
mth row above O. A little forceful al- | Euclidean, and the atmosphere of heresy geo! 
gebra is now in order to exploit this fact | which formerly followed this term has Scan 
and produce a general formula for these long since vanished, the result of two to re 
coefficients, but this will be left to those centuries of intellectual scrubbing (brain- to fF 
desperately anxious to see the result. washing, if you prefer). thre 
com 
pare 
vide 
Have you read? ditic 
SHEpParp, Josepu K. “Our Split-Second World,” second in 300,000 years. It may come as no us t 
Sunday Magazine Indianapolis Star, No- surprise to you that 90 per cent of all clocks are 
vember 27, 1960, pp. 11-16. now electric, that your timekeeper is the power C 
“The march of science into tomorrow’s cos- plant, that alternating current is standardized leria 
mos needs ever-finer calibration of its instru- at 60 cycles per second and varies less than .02 strec 
ments, and among its precision tools it needs an of one cycle in 24 hours, and that radio station Cc 
accurate measuring stick for time.” So starts WWYV broadcasts only time tones from which . 
this very interesting and enlightening article all dynamos are paced. acqu 
on time and its precise measure. Did you know Shake your arm to keep your old-fashioned, tech; 
of the recently developed atom cesium clock inaccurate, self-winding watch running and read hin 
that will only vary .5 of one second in 1000 the article. Your students will like it also.— : 
years? And yet this is not precise enough, and Purp Peak, Indiana University, Bloomington, F 
science hopes to reduce the error to .5 of one Indiana. the 
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If not solid geometry, then what? 


SEYMOUR SCHUSTER, Carleton College, Northfield, Minnesota. 
Is the answer a study of vectors and a vector approach to geometry? 


For SEVERAL YEARS now we have heard 
arguments in opposition to the standard 
one-semester course in solid geometry. 
We've heard that the techniques and 
arguments of solid geometry are merely 
slight extensions of those the student 
learns in plane geometry. We’ve heard 
that the subject matter is relatively use- 
less, and that other choices of subject 
matter would be more pertinent. In short, 
a semester of the twelfth year devoted to 
solid geometry is not a wise utilization of 
the time. 

Several alternatives have been men- 
tioned, supported, and even tried in 
many quarters. Among these are statistics 
and/or probability, calculus, more school 
algebra, groups and fields, matrices and 
linear algebra. 

The purpose of this note is to provide 
still another alternative as a replacement 
for the old stand-by of synthetic solid 
geometry. Our choice is not the result of 
scanning the market shelf for a new model 
to replace our “‘outmoded” one. We prefer 
to present it as a choice which satisfies 
three basic conditions. An analysis of the 
complaints (mentioned in our opening 
paragraph) against solid geometry pro- 
vides motivation for the first two con- 
ditions, and further discussion will give 
us the third. 

Condition 1. The course should cover ma- 
terial that is useful relative to the general 
stream of a student’s mathematical training. 

Condition 2. The subject matter should 
acquaint the student with mathematical 
techniques and arguments that are new to 
him. 

For the past quarter-century or more, 
the trend, in the United States at least, 


has been to give geometry a low-priority 
status in the colleges and universities. 
While geometry had a nice garden of 
theorems to be picked, topology and 
algebra provided the research mathema- 
ticians and their Ph.D. candidates with 
virtual plantations. Who wants a back- 
yard garden when a plantation is avail- 
able? Moreover, the emphasis—perhaps 
overemphasis—on generalization served 
to further establish geometry in its low- 
priority niche. Surely, it is true that geom- 
etry has many general results, but these 
had not been its feature attractions; here 
also, it could not compete with algebra, 
modern analysis, or topology. The result 
was the gradual disappearance of ad- 
vanced geometry courses from the col- 
legiate curriculum. 

Another aspect of this trend has been 
the removal of analytic geometry as a 
course offering. This is an obvious conse- 
quence of streamlining the curriculum 
through integrating the subject matter of 
calculus with analytic geometry. While I 
am a strong proponent of such streamlin- 
ing and the unifying of course content, I 
confess that it quite often happens that 
our students do not become as intimate 
with the analytic geometry as they should. 
And this is sometimes due to negligence 
in our teaching rather than to inade- 
quacies on the part of students. In any 
case, it is not the exception that there is 
a shortchanging through the elimination 
of some analytic geometry. 

This trend—putting geometry in the 
back seat—is quite unfortunate, for it has 
resulted in a deficiency in the develop- 
ment of geometric insight in too many of 
our mathematics students. This, in turn, 
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is felt strongly in all quarters where stu- 
dents of science and engineering are be- 
ing trained. What has been observed, es- 
pecially, is the inability of students to 
think clearly about nonplanar problems. 
One of the world’s leading figures in X- 
ray crystallography, who has taught in 
Germany, Ireland and the United States, 
constantly deplores the fact that his 
American students, many of them quite 
gifted, never come to him knowing any 
space geometry. Yet, we are eliminating 
solid geometry, at present the only 
course in which a high school student gets 
any formal training in thinking about 
problems of space. This unsatisfactory 
state of affairs leads us to the third 
stipulation for the course we suggest as 
a possible replacement for solid geometry. 

Condition 3. The course content should be 
principally geometry, including some three- 
dimensional geometry. 


THE PROPOSAL 


The course we suggest is a vector ap- 
proach to geometry. A possible syllabus 
follows in a later paragraph. 

Let’s now reflect on whether this pro- 
posal does actually satisfy the three con- 
ditions we laid down. As for Condition 1, 
no one would deny the useful and funda- 
mental role of vectors in the various 
branches of mathematics. A knowledge 
of vectors is quite necessary for physicists, 
engineers and social scientists who wish 
to utilize mathematics as a tool for anal- 
ysis; and pure mathematicians, whether 
they are geometers, analysts, algebraists 
or topologists, find vectors essential. 

Condition 2 will be satisfied for many 
reasons. A new concept is introduced, and 
much of the student’s mathematical 
world is to be viewed through this new 
medium. Geometric understanding must 
be translated into vector (and algebraic) 
language, and translations in the reverse 
directions must also be carried out. The 
vector approach can be exciting, without 
being overwhelming, if it is introduced as 
a follow-up of tenth-year geometry. It 
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should therefore be introduced as a new way 
of looking at old things. And, after some of 
the basic techniques are understood and 
exploited to prove, in an easy manner, re- 
sults that were difficult to obtain in the 
“old-fashioned” way, then the path igs 
open to applying the techniques to new 
matters with geometric content. The new 
geometric material could well be co-or- 
dinate geometry via vectors. 

The beginning of the course could be 
devoted to co-ordinate-free vectors. This 
has mathematical as well as pedagogical 
advantages. Co-ordinate systems can then 
be introduced as another instrument for 
solving geometric problems. They are not 
inherent but are rather imposed on a 
problem in such a manner as to facilitate 
its solution. The advantages of rectangu- 
lar co-ordinate systems will be obvious to 
the student who learns about dot and 
cross products. (Observe that we are al- 
ready dealing with three-dimensional ge- 
ometry, thus satisfying the demands of 
Condition 3.) Without any further tools of 
vectors, the analytic geometry of the 
line, plane, circle, and sphere could be 
treated. 

Several interesting mathematical paths 
which can follow the introductory ma- 
terial suggest themselves, but we post- 
pone discussion of these until after pre- 
senting a syllabus for the basic course. 


A POSSIBLE SYLLABUS AND EXTENSIONS 


1. Definition of vector as a directed line 

segment. 

2. Addition of vectors. 

3. Multiplication of a vector by scalar 
(real number). 

. Subtraction of vectors. 

. Linear combinations of vectors. 

. Division of a segment in a given ratio. 

. Right-handed triples. 

. Rectangular co-ordinate systems and 
bases. 

. Co-ordinate solutions (utilizing vec- 
tors) to problems done earlier in co- 
ordinate-free manner, e.g., finding the 
median point of a triangle. 
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10. Applications to the complex plane. 

11. Dot products. 

12. Projections and components. 

13. Physical applications. 

14. Analytic geometry of the line in the 
plane. 

15. Parametric representations of the line. 

16. Parallelism and perpendicularity. 

17. Distance. 

18. Distance from a point to a line. 

19. Analytic method of proof. 

20. Circles. 

21. Spheres. 

22. Direction cosines and direction num- 
bers. 

23. Analytic geometry of planes. 

24. The line in three dimensions. 

25. Angle between two lines. 

26. Angle between two planes. 

27. Cross products. 

28. Area. 

29. Distance between two skew lines. 


Depending on the length of time avail- 
able and the ability and interest of the 
students, the instructor may choose to go 
in any of the following directions: 


1. Trigonometry via vectors. (Spherical, 
as well as plane, is readily handled by 
vectors.) 

2. Higher geometry in the form, for ex- 
ample, of the theorems of Desargues, 
Pappus, Menelaus, and Ceva. 

3. Plane curves; e.g., conics, involute of 
circle, cycloid and trochoid. 

4. Graphing linear inequalities and ele- 
ments of linear programming. (In- 
teresting applications to social science 
are possible here.) 

. Convexity. 

. Rigid Motions. 

. Vector Spaces. 

. Matrices. 


consti mo or 


These few suggestions all admit to 
relatively easy handling of vectors. 


INCIDENTAL VIRTUES 


While the standard solid) geometry 
course was nearly devoid of algebra, and 
while current twelfth-year courses in 


algebra have virtually no geometry, the 
vector course we propose is strong in 
both algebra and geometry. Nearly all, if 
not actually all, the mathematics that 
was learned by the high school senior, 
prior to our proposed course, must be 
brought to bear on it. Thus, the student 
gets a review through utilization. 

In addition, there are golden oppor- 
tunities to treat a number of other topics 
in an incidental and completely natural 
manner. A few examples are: 


1. Inequalities and their geometric inter- 
pretation. 

2. Sets as loci, defined by equations and/or 
inequalities, leading to applications of 
set union and intersection. 

3. Statics, applying components and pro- 
jections. 


If the class is somewhat gifted, the in- 
structor might take a crack at something 
more sophisticated by making the dis- 
tinction between affine geometry and 
Euclidean geometry. Affine theorems and 
affine properties may be viewed as those 
obtainable without the introduction of a 
dot product, while the geometry that re- 
lies on the dot product (angle measure, 
perpendicularity, etc.) is Euclidean. By 
means of the very definition of vector 
equality, it can be seen that lengths can 
be compared in affine geometry only if 
the lengths are measured on a single line 
or on parallel lines. For comparing two 
lengths on nonparallel lines, one must 
cross the boundary and move into Eu- 
clidean geometry. 

Finally, we would add that sermons on 
the power of abstraction are very much in 
order all along the way, especially if the 
instructor wishes to bring in abstract al- 
gebraic concepts. For example, if vector 
space becomes the focus, then nongeo- 
metric examples such as polynomials and 
fields with elements of the form a+bV/k 
(with a and b rational, and k square-free) 
may be chosen. With examples of this 
sort, the student can gain new insights 
while reviewing. 
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The place of probability and statistics 
in the mathematics curriculum of the 
senior high school and junior college 


>. 


H. E. WILLIAMS, Vanderbilt University, Nashville, Tennessee. 
Should probability and statistics be offered at the secondary-school level? 
If so, how much emphasis should be given? 


IN RECENT YEARS there have been con- 
siderable discussions and experimentation 
concerning the teaching of probability and 
statistics in the senior high school and 
junior college. The majority of the discus- 
sion is pitched toward the twelfth grade 
and the freshman or sophomore college 
years where an overlapping of ideas fre- 
quently results; for this reason, it was de- 
cided to include both of these levels in 
the scope of this article. It is the intention 
of the article to present and analyze the 
factors that have brought about this 
flurry of discussion, to present the situa- 
tion as it stands at present with regard to 
this subject, and to survey the transition 
that has already commenced, along with 
the outlook for the future. 


THE PRESENT STATUS OF PROBABILITY 
AND STATISTICS 


We are living in a society which is most 
assuredly being influenced continually by 
statistics. Descriptive statistics confront 
the public daily in the form of polls, 
surveys, and cross-sectional samplings ap- 
pearing in the newspapers and magazines. 
Graphic portrayal of economic and socio- 
logical statistics is commonplace. On a 
more sophisticated plane, educators, social 
scientists, physicists, biologists, and in- 
dustry have found widespread uses and 
applications for statistics as the mathema- 
ticians have explored and exploited many 
new facets of this field. Statistical in- 
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ference has achieved newly found acclaim 
as our best strategy for exploring the 
ramifications of massed data. 

At one time, the word “statistics” 
signified numerical observations concern- 
ing the State. Statistics in this context 
can be traced back more than four thou- 
sand years to the Chinese. Today, that 
definition has been made more general 
and extended to include the study of phe- 
nomena being produced in large numbers. 
The statistical method consists of the 
enumeration of the elements of a certain 
set into first their classification by certain 
attributes, then into the establishment of 
a function representing their distribution, 
and finally, in the determination of rela- 
tions between phenomena. 

Interest in the theory of probability is 
generally conceded to have started with 
the French. Games of chance being pop- 
ular there in the seventeenth century, 
there was a considerable interest in the 
computation of odds. In the course of this 
interest in odds, challenging problems 
arose which led to an exchange of cor- 
respondence between the eminent mathe- 
maticians, Fermat and Pascal, from which 
grew much of probability theory. 

The wedding of probability and statis- 
tics might well be traced to Jacques Ber- 
noulli. His “Art of Conjecturing,” pub- 
lished in 1713, served as the cornerstone 
about which the structure of mathemat- 
ical statistics has developed. Quételet, in 
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the early nineteenth century, is credited 
with first having applied Bernoulli’s work 
to research on the social laws of mankind. 

From these beginnings, probability and 
statistics have grown to the stature of a 
basic tool in the study of the social and 
natural sciences and the problems of 
government and industry. Genetic studies, 
studies of various types of randomly oc- 
curring events, and particle behavior, are 
areas currently being probed by the use of 
probability and statistics and are creating 
a demand for trained personnel. 

A highly significant modern application 
of probability and statistics is found in 
industry. Statistical quality control is 
concerned with the problems of: (1) 
analyzing a product specification on a 
small sample of the product and mathe- 
matically inferring the quality of the 
specification for an entire lot (often quite 
large) from which this sample was drawn. 
This technique is extremely useful in the 
interchange of products from a producer 
to a consumer and has come into wide- 
spread use since its introduction during 
World War II, at a time when manpower 
was critical; (2) monitoring the quality 
of a production process, by again analyz- 
ing a specification from a small sample of 
the product and inferring mathematically 
the quality of the specification on the en- 
tire production process for a given period 
of time. This technique has been of great 
value to industry in saving time and man- 
power. This field of application of the 
theories of probability and statistics is 
still relatively in its infancy and expand- 
ing daily by leaps and bounds, calling for 
more persons trained in probability and 
statistics, both on the management and 
labor levels. It is not uncommon to find 
persons from the labor force enrolled in 
night-school courses in statistics to help 
provide a background for this type of 
work. The emergence of statistical quality 
control methods has created a demand for 
probability and statistics in the curricu- 
lum of engineering schools, where little de- 
mand existed ten years ago. 


For some time now, the economists have 
been making use of the ideas of statistics 
and statistical inference in market fluc- 
tuation studies and time series studies. 
Need for trained persons grows steadily. 

Another area where vast usage of 
statistical inference has developed in the 
last twenty-five years is in the analysis of 
experimental results by persons engaged 
in psychological, sociological, biological, 
and medical research. Graduate students 
in these fields are often required to attain 
competence in statistical usage. 

With the early reverberations of the 
above considerations being felt, the Na- 
tional Council of Teachers of Mathemat- 
ics was prompted as far back as 1940 to 
state, “From its very modest estate of a 
few years ago, the theory of statistics has 
grown significantly and has been success- 
fully employed, for instance, in education 
and sociology. Statistical concepts can 
now be regarded as a necessary qualifica- 
tion for many activities.’”’ [10] This state- 
ment could be considerably magnified to 
give an accurate picture of the situation 
twenty years later, so rapid have been the 
advances during the intervening years. 

Let us now consider how probability 
and statistics are presently incorporated 
into the educational curriculum of sec- 
ondary schools. Probability theory has 
long been taught in college algebra courses 
but seldom in high school courses. How- 
ever, some of the more recent texts in 
college algebra have dropped this topic in 
favor of others. On the other hand, a 
trend has arisen recently to include prob- 
ability and some statistics in college gen- 
eral mathematics and twelfth-grade math- 
ematics courses—a trend that is currently 
spreading rapidly. S. S. Wilkes, in 1958, 
gave a very good definitive picture of the 
situation in regard to statistics in the sec- 
ondary curriéulum: “At the high school 
level, education in topics in this area is 
virtually nonexistent, although the new 
College Entrance Examination Board on 
Mathematics is now taking the initiative 
in getting some of it started. At the college 
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and university level, knowledge in this 
area has been transmitted mainly outside 
of mathematics departments through in- 
troductory statistics courses at the upper- 
class and graduate levels in economics, 
sociology, psychology, biology, and other 
departments or schools. The method of 
teaching even the most basic concepts at 
both levels in many of these departments 
is largely intuitive and nonmathematical. 
The ideas are almost completely couched 
in the language of illustrative examples 
peculiar to that particular department. 
The result is that the student does not 
learn these fundamental concepts in a 
precise manner and with an appreciation 
of their full generality. 

Let me say, however, that these statis- 
tics courses are steadily improving be- 
cause of the better statistical training be- 
ing received by the younger men in those 
departments who are now teaching these 
courses. But I do not believe that the 
problem of teaching the basic ideas of 
statistical inference will ever be solved 
satisfactorily by introductory statistics 
courses taught in this intuitive manner at 
the upper-class or graduate level in de- 
partments of a college or university scat- 
tered all over the campus.” [13] 


WHAT IS AHEAD FOR THIS SUBJECT? 


With the ideas of the preceding section 
in mind, we are led rather naturally to 
consider the foreseeable future for prob- 
ability and statistics in the secondary cur- 
riculum. In discussing this aspect of the 
problem, we shall, of necessity, have to 
incorporate two facets: First of all, we 
have proposals and recommendations on 
what should be done in this area made by 
committees working on the problems of 
the mathematics curriculum for the sec- 
ondary schools in the second half of the 
twentieth century; and secondly, we con- 
sider some positive steps that have been 
made by authors and teachers in this area. 

The Committee of the Undergraduate 
Program of the Mathematical Associa- 
tion of America has been concerned with 


the problem of probability and statistics 
during the course of their work. They have 
recommended a universal course in math- 
ematics for college freshmen and have 
written some sample materials for this 
purpose. Their work has been a subject of 
extreme interest among mathematicians 
for the past several years. In the second 
semester of this universal course they 
recommended the introduction of set 
theory to be carried over into the devel- 
opment of probability theory and subse- 
quently into a juncture with some con- 
cepts of statistics. [5] 

The Commission on Mathematics of 
the College Entrance Examination Board, 
previously referred to in the quotation 
from S. S. Wilkes, recommended probabil- 
ity and statistical inference as a good one- 
semester course for college-capable high 
school seniors. They have prepared an 
experimental text for a twelfth-grade 
course of this type, which has been used 
with success since 1957. [4] 

In addition to these two committees, 
the Secondary School Curriculum Com- 
mittee of the National Council of Teachers 
of Mathematics, in their 1959 report, 
outlined a college preparatory program in 
mathematics for grades nine through 
twelve. The program allowed for flexibil- 
ity in grade twelve because of the absorp- 
tion of solid geometry into other parts of 
the program, and a semester course in 
probability and statistics was one of three 
semester courses recommended. [12] 

Some good textbook material is avail- 
able at the present time for courses in 
general college mathematics that includes 
topics in probability and statistics, and 
more texts of this type are appearing 
every year. Some of these texts can be 
(and have been) satisfactorily utilized 
with advanced twelfth-grade classes. The 
majority of this text material has been 
prepared within the last five years and 
has been quite favorably received. This 
indicates the spreading interest in the in- 
troduction of probability and statistics on 
the secondary level that has been gen- 


318 The Mathematics Teacher | May, 1961 




















erate 
ing i 
texts 
Ty 
stude 
Mad: 
nedy 
ciple: 
Oakl 
grade 
cussil 
chapt 
abilit 
statis 
calcu! 
was ¢ 
culus. 
abilit; 
teach 
to an 
Oland 
sults 
many 
all hig 
more, 
tion o 
the ne 
titativ 
feels, 1 
impor 
is play 
point 
opport 
reason 
statist 
ductiv 
thinki 
The 
school 
and gs 
Most ¢ 
the tw 
college 
two ch 
solved. 
deman 
ability 
would 
offered 
standp 




















erated by authors and committees work- 
ing in this area. Some of the better-known 
texts are listed among the references. 

Two experiments with twelfth-grade 
students seem worthy of mention. At 
Madison, Wisconsin, Professor Joe Ken- 
nedy experimented with the use of ‘Prin- 
ciplesof Mathematics’’ by Allendoerfer and 
Oakley [1] for a course in the twelfth 
grade at Wisconsin High School. In dis- 
cussing the course he said, “The last 
chapter in the book, ‘Statistics and Prob- 
ability,’ was very enjoyable. Descriptive 
statistics, with its simple arithmetical 
calculations and readily grasped concepts, 
was quite different from limits and cal- 
culus.” [8] An experimental unit in prob- 
ability and statistics was prepared by a 
teacher, Clarence E. Olander, and taught 
to an ability-grouped mathematics class. 
Olander was quite encouraged by the re- 
sults of the experiment. He stated that 
many of the concepts are appropriate for 
all high school students and that, further- 
more, most citizens can use an apprecia- 
tion of the statistical approach because of 
the need to digest information of a quan- 
titative nature. Secondary students, he 
feels, need to be aware of the increasingly 
important role that statistical reasoning 
is playing in various fields. He goes on to 
point out that the teacher has a unique 
opportunity to compare various kinds of 
reasoning—specifically, to contrast the 
statistical thinking which is primarily in- 
ductive reasoning—with the postulational 
thinking of formal mathematics. [11] 

The question of when in the secondary- 
school program to introduce probability 
and statistics is somewhat debatable. 
Most of the thinking seems to favor either 
the twelfth grade or the freshman year in 
college. The problem of which of these 
two choices is better should be easily re- 
solved. In view of the present immense 
demand for more persons trained in prob- 
ability and statistics, the ideal situation 
would be for material in this area to be 
offered at both levels. From a practical 
standpoint, it will probably be some time 


before this comes to pass, but, as more 
text materials and more adequately 
trained teachers become available for use 
in courses in probability and statistics, 
we may see this become a reality. As the 
number of students coming to college 
with a background in this subject in- 
creases, the quality of offerings at the 
freshman level can then be upgraded. 

I think that, from the considerations 
presented in this article, it is reasonable 
to assume that in the next few years we 
shall see more and more probability and 
statistics appearing in the curriculum of 
senior high schools and junior colleges, as 
well as in other places. Also, it is reason- 
ably certain that the demand will con- 
tinue to increase in the future as more and 
more applications of statistics and prob- 
ability, such as game theory and opera- 
tions research as well as statistical in- 
ference, experimental design, and factor 
analysis techniques, are applied to a 
wider variety of uses in our lives. This, of 
course, presents quite a challenge to 
educators—in particular to departments 
of mathematics—to develop a curriculum 
to satisfy these demands. By again re- 
ferring to S. S. Wilkes, we can arrive at a 
good picture of the situation facing math- 
ematics departments in the colleges: ‘“The 
only department in the colleges and uni- 
versities now sufficiently institutionalized 
to teach these basic concepts as broadly as 
they deserve to be taught is the mathe- 
matics department. While statistics de- 
partments have recently been organized in 
some of the large universities, there are 
only a few of them and they are operating 
at present mainly at the upper-class and 
graduate levels. However, there are hun- 
dreds of colleges and universities which do 
not have statistics departments, and most 
of the smaller ones may never have them. 
In the meantime, the best hope for get- 
ting these basic ideas taught effectively 
and to a sufficiently broad range of stu- 
dents in all of these colleges and univer- 
sities is through their main sequence 
of freshman-sophomore courses. Even 
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though relatively few mathematicians 
are now familiar with the basic concepts 
of statistical inference, I am confident 
that they will find them interesting and 
that they can pick them up quickly by 
teaching the material or by attending a 
summer institute such as those sponsored 
by the National Science Foundation.”’ [13] 
I think it goes without saying that in the 
high schools the mathematics department 
is the only department prepared at all to 
offer work in probability and statistics. 


THE EFFECT OF THIS TREND 
ON THE TRAINING OF TEACHERS 


The implications of this article for the 
training of secondary-level teachers of 
mathematics are rather obvious it seems. 
Many teacher-training institutions are 
currently offering courses in the mathe- 
matical theory of probability and statis- 
tics, and some are offering further work in 
statistical techniques. If the mathematics 
departments in our high schools and col- 
leges are to meet the future demands for 
persons trained in this field, I think that 
all of the institutions preparing teachers of 
mathematics will need to include offerings 
in probability and statistics in their cur- 
riculum. A course in the mathematical 
theory of probability and statistics would 
seem a minimum, but further offerings 
including a course in statistical inference 
are also desirable. Furthermore, I feel that 
these institutions will need to include 
courses in this area in their summer- 
school programs to help prepare teachers 
to take their places in the secondary- 
school mathematics programs of the sec- 
ond half of the twentieth century. Sub- 
stantial support for this point of view can 
be cited from the 1958 report of the Mid- 
west Regional Conference on Science and 
Mathematics Teacher Education [9] and 
the report of the Secondary School Cur- 
riculum Committee. [12] 

The challenge to educators and ad- 
ministrators, as I see it, is to come to some 
agreement as to how, when, and where 
probability and statistics are to be taught 
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to allow us to fulfill best this unfulfilled 
mathematical need and to supply the 
trained personnel and facilities to do it. 
In this vein, I should like to interject an 
interesting observation as a final thought. 
In my readings on this subject, I found 
no one who said that probability and 
statistics should not be taught somewhere 
in the senior high school or junior college 
programs. I do not know whether this is 
because of the recent popularity of the 
field or because the “yeas” are heard 
from but not the “‘nays’’; perhaps this is 
one of our future realms of consideration. 
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Statistics for selected 


secondary-school students 


CHARLES M. BRIDGES, JR., University of Oklahoma, Norman, Oklahoma. 
A description of a course of study for a one-semester course in statistics. 


DuRING THE PAST DECADE a revival of in- 
terest in the curriculum in secondary- 
school mathematics has been exhibited by 
mathematicians and members of various 
mathematical associations. In this period 
of study and redesign, one of the areas of 
mathematics receiving some attention is 
that of the statistical analysis of data. 

In many instances curriculum revision 
has been attempted through uncontrolled 
judgment or opinion, leading to an ac- 
cretion of courses in the secondary-school 
program. Before new subject matter is in- 
terjected into the curriculum, some knowl- 
edge of the limits of achievement for apt 
secondary-school students is necessary. 

In accordance with this concept, a 
course was formulated and then taught to 
a group of apt students. The students 
were considered representative of the 
more proficient secondary-school mathe- 
matics students. The degree of compre- 
hension was assessed by a testing instru- 
ment composed of items cast primarily in 
the direction of determining the degree of 
understanding, as well as computational 
skills. 

This paper is concerned primarily with 
a description of the course of study fol- 
lowed during this one-semester period of 
instruction. Table 1 presents the major 
subject matter areas and the amount of 
time expended on each. 

The first seven hours of the course were 
spent discussing various components of a 
statistical investigation—continuous, dis- 
crete, qualitative, and quantitative vari- 
ables; population and sample; types of 
descriptive techniques, including histo- 


TABLE 1 


TIME SCHEDULE FOR PRESENTATION OF THE AREAS 
OF SUBJECT MATTER 

















Time in 
Area Hours 
1. The components of a statistical in- 
vestigation 7 
2. Measures of central tendency and 
dispersion 7 
3. Elementary probability 10 
4. Discrete distribution functions 12 
5. The normal distribution sf 
6. Tests of hypotheses 30 
7. Developing the statistical report 5 
Total 80 


grams, frequency polygons, cumulative- 
frequency polygons, and ogives. Distinc- 
tion was made between a continuous dis- 
tribution and a discrete distribution. 

The second major area was concerned 
with the measures of central tendency and 
dispersion. In the discussion of the meas- 
ures of central tendency—mean, median, 
mode—these factors were presented as 
one means of locating a distribution within 
the continuum of the number system. The 
measures of dispersion—variance and 
standard deviation—were approached 
through the use of the least-squares tech- 
nique. The discussion of this material was 
limited primarily by the mathematical 
background of the students, notably the 
lack of the calculus. The measures of dis- 
persion were presented as further ways of 
deseribing a distribution of variables. 
When appropriate, students were told to 
code data for ease in computation. 

As an introduction to types of fre- 
quency distributions, it was thought nec- 
essary to present some of the fundamentals 
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of elementary probability. Within this 
area these concepts were developed: 


1. The probability of the occurrence of a 
single event. 

. The idea of sample space. 

. The addition rule. 

. The multiplication rule. 

. Combinations. 

. Permutations. 


oO or km W dO 


These ideas were given an empirical basis 
to the extent that dice, coins, playing 
cards, and items of like nature were used 
as sources of data. 

Following this discussion of some of the 
simpler forms cf probability the discrete 
distribution functions—binomial, Poisson, 
hypergeometric—were discussed. The con- 
ditions under which each of these func- 
tions was applicable were pointed out. It 
was explained to the students that the 
binomial distribution is the basic distribu- 
tion and that the other two discrete dis- 
tributions are approximations of this 
function. 

The normal population and the normal 
distribution were presented next. The 
normal distributions of separate values 
and of sample means were treated. The 
students were asked to carry out certain 
exercises related to determining the prob- 
ability of the occurrence of a range of 
values as well as a range of sample means 
in a given normal distribution. 

With the distribution of sample means, 
it was appropriate to consider the central- 
limit theorem and the standard error of 
estimate. Empirically this was accom- 
plished by taking a population of poker 
chips numbered according to a specific 
normal distribution and comparing the 
distribution of the single values with dis- 
tributions of sample means for samples of 
varying sizes. The relationship of the 
variances of the single value and sample- 
mean distributions tended to implement 
the discussion of the standard error of 
estimate. Also in connection with the dis- 
tribution of sample means, the distribu- 
tion of sample proportions was begun. 
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Subsequent to this preliminary work, 
the students were given their initial intro- 
duction to the concept of statistical in- 
ference. The thought of making a state- 
ment concerning the probability of the oc- 
currence of a sample mean within a given 
hypothesized population was developed. In 
this case, both of the population parame- 
ters (mean and standard deviation) were 
known. Included within the framework of 
this section were the concepts of point 
estimates of the true population mean, 
confidence-interval estimates of the true 
population mean, and sample size neces- 
sary for a prescribed degree of accuracy in 
estimating the mean. The Type II or 8 
error and the power of the test (1—8) were 
also discussed. The students were given a 
format for setting up the solution of prob- 
lems involving the testing of hypotheses: 


1. Statement of the problem or question 

of concern. 

2. Statement of the statistical null hy- 

pothesis. 

3. Statement of the level of significance 
and the placement of this probability. 

. Statement of the critical regions. 

. Computation of the sample statistic. 

. Action with respect to the test hy- 
pothesis (i.e., accept or reject the hy- 
pothesis on the basis of the data). When 
the hypothesis was rejected, the stu- 
dent was asked to calculate the ap- 
propriate confidence-interval estimate 
of the true mean for the population 
from which the sample was drawn. 


Oo > 


The testing of hypotheses for single 
population proportions or percentages was 
also discussed at this time. It was pointed 
out that industrial testing is often done in 
terms of defective parts or merchandise 
and that this technique is used primarily 
in these instances. 

The students were then presented with 
the more prevalent situation in which the 
population standard-deviation parameter 
is not known. The idea of using an estima- 
tor, the sample standard deviation, in the 
test of the hypothesis led to a discussion 
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of student’s ¢-distribution. The associated 
confidence-interval estimate was also pre- 
sented. 

After completion of the discussion per- 
taining to the testing of hypotheses for 
single population parameters, the next 
step was to present the methods for test- 
ing hypotheses concerning the equality of 
two population parameters. The tests for 
equality of means for the normal distribu- 
tion with the population standard devia- 
tions given and with the population stand- 
ard deviations not given were the same, 
with slight modification of one instance. 
Where a common variance could be as- 
sumed in the ¢-test, the pooled-variance 
concept was presented. The general case 
for this was presented, since essentially 
the same type of statistic would be used 
in the later subject of the analysis of 
variance. The testing of hypotheses for 
paired or correlated data was also pre- 
sented at this time. 

Since the chi-square distribution was 
used in testing hypotheses concerning the 
equivalence of two or more population 
proportions as well as in other tests, dis- 
cussion of some of the characteristics of 
this distribution was appropriate. Asso- 
ciated with this preliminary discussion, 
certain exercises in the empirical con- 
struction of the distribution were carried 
out. A box of poker chips, each chip num- 
bered in accordance with a normalized 
distribution, was used in obtaining sam- 
ples of size n. Samples of four chips were 
drawn until one hundred such samples 
had been accumulated. One hundred sam- 
ples of size two were also drawn. The 
sample variance of each of the samples 
was computed and then displayed as 
histograms for sample variances of size 
two and size four. 

In addition to these, the chi-square dis- 
tribution or a modification thereof was 
used in tests for independence of data, 
tests for goodness-of-fit, and tests of hy- 
potheses concerning a single variance and 
the estimation of the population variance. 
The latter test was shown to be based 


upon the distribution of x?/d.f. 

To test hypotheses concerning the 
equality of two population variances and 
the equality of more than two population 
means, it was necessary to promote an 
understanding of the F-distribution. It 
was further explained that when tests con- 
cerning the equality of two population 
means were to be carried out and the as- 
sumption of the common variance could 
not be made, it would be mandatory to 
use the F-test for equality of variances. 

The analysis of variance technique was 
presented as a way to test hypotheses con- 
cerning the equality of more than two 
population means. It was pointed out to 
the students that certain basic assump- 
tions were necessary before this particular 
technique was applicable (i.e., common 
variance within the populations under 
consideration, normality of distributions, 
and randomness of samples). Both the one 
and two fixed-factor classification proce- 
dures were examined. 

In the approach to the last section of 
the course, it was felt that a review of the 
mathematics involved in determining the 
equation of a straight line from observed 
data would be appropriate. With this 
background, discussion proceeded to the 
computation of the regression line for 
sample data. At this point the method of 
least squares was considered again. This 
latter concept was used in developing the 
method of the product-moment coefficient of 
correlation. Tests for hypotheses concern- 
ing (1) the slope of the regression line as 
an indicator of dependency of data, (2) 
linearity of data, (3) p being equal to 
zero, (4) p being some value other than 
zero (using the Fisher z-transformation), 
and (5) confidence interval estimates for 
My.z, B, A, X, Ye, o*y.2, Y, and p were in- 
cluded. 

Careful consideration of the test results 
as well as evaluation of statistical research 
projects carried out by each student 
showed that apt secondary-school stu- 
dents are able to apply principles of 
statistical inference. 
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An evaluation of a secondary-school 
mathematics program for able pupils 


B. G. PAULEY, Kanawha County Schools, Charleston, West Virginia. 
What one school system did in an attempt to evaluate the results 
of its experimental program upon students and teachers. 


THe Kanawna County, West Virginia 
school system instituted at the beginning 
of the 1959-60 school year a pilot mathe- 
matics program designed for able mathe- 
matics pupils in four senior high schools 
and their attendant junior high schools. 
Previously in these schools and in the 
other secondary schools in the county, 
pupils began the study of algebra in the 
ninth grade and instruction in mathe- 
matics, for even the most able, terminated 
with one-half year of solid geometry and 
one-half year of trigonometry offered in 
the twelfth grade. Plans for the pilot pro- 
gram were developed during the 1957-58 
and 1958-59 school years. A committee of 
teachers and principals developed the se- 
quence of courses and the content and se- 
quence of topics to be taught in the vari- 
ous courses. Recommendations of the Na- 
tional Council of Teachers of Mathemat- 
ics, the College Entrance Examination 
Board Commission on Mathematics, and 
materials coming from a number of mathe- 
matics study groups were studied. The se- 
quence of courses finally adopted is shown 
in the table below: 


SEQUENCE OF COURSES FOLLOWED 
IN THE PILOT MATHEMATICS PROGRAM 








Grade Course 





7 Accelerated Arithmetic 


8 Elementary Algebra 
9 Intermediate Algebra 
10 Combined Plane and Solid Geometry 
11 Trigonometry and College Algebra 
(one-half year of each) 
12 Mathematical Analysis 
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A course of study, describing the topics to 
be taught, was published in mimeograph 
form prior to the opening of the 1959-60 
school year. 

The seventh-grade arithmetic course is 
designed to include material previously 
taught in the county in the seventh- 
and eighth-grade arithmetic courses. The 
course is planned to give students an un- 
derstanding of our number system, the ap- 
plication of the fundamental operations to 
problem-solving in household mathemat- 
ics, business practice and measurement, 
and to introduce the students to the study 
of algebra and geometry. Some of the vo- 
cabulary of “modern mathematics,” par- 
ticularly the notion of sets, is introduced 
in this grade. 

The eighth-grade algebra course is simi- 
lar to the elementary algebra course 
usually taught at the ninth-grade level. 
The vocabulary and concepts of “modern 
mathematics” are extended. Emphasis is 
placed on the idea of leading pupils to de- 
velop concepts through meaningful math- 
ematical experiences. The concept of 
proof, both algebraic and geometric, which 
is introduced in the seventh grade, is ex- 
tended. The course covers the usual topies 
through quadratic equations. Some addi- 
tional topics, such as descriptive statistics 
and numerical trigonometry of the right 
triangle, have been added. 

The ninth-grade intermediate algebra 
course is also similar to the intermediate 
algebra course usually offered in the 
eleventh or twelfth grade. Again meaning 
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is stressed. Concepts are developed and 
extended by the student through mean- 
ingful experiences. Students are trained to 
discover ‘‘why?”’ Algebraic proofs are de- 
veloped. The idea of the set as a unifying 
concept is emphasized. Topics taught in- 
clude irrational numbers, exponents, log- 
arithms, imaginary and complex num- 
bers, systems of equations, polynominal 
functions, trigonometry, progressions and 
series and permutations, combinations 
and probability. 

The integrated course in plane and 
solid geometry taught in the tenth grade 
is based on the assumption that the es- 
sential concepts in solid geometry can be 
taught best by relating them to similar 
concepts from plane geometry. The stu- 
dent learns the relationship existing be- 
tween two perpendicular planes, for ex- 
ample, as an extension of the relation- 
ships existing between two perpendicular 
lines. To quote from the Course of Study, 
“one of the goals of the integrated geom- 
etry course is, to enable the student to 
visualize Euclidean geometry, plane and 
solid, as a mathematical system serving as 
an effective model of the physical uni- 
verse.” 

The course in trigonometry is designed 
to occupy one semester in the eleventh 
grade. A strong emphasis is placed on the 
theoretical aspects of the subject. Topics 
are covered in such a way as to extend the 
student’s knowledge of mathematics as a 
logical structure, rather than making the 
course one in “plane surveying.” 

The college algebra course, which occu- 
pies the second half of the eleventh grade, 
is designed to approximate a course by the 
same title which would be offered to first- 
or second-year college students. The text- 
book chosen for the course is one that is 
currently being used as a text in many col- 
leges in West Virginia. Topics taught in- 
clude theory of equations, inequalities, 
complex numbers, progressions, infinite 
series, variations, permutations, combina- 
tions and probability, statistics, and lim- 
its. 


The course in mathematical analysis 
taught in the twelfth grade is a combina- 
tion of analytic geometry and differential 
and integral calculus. This course is not 
designed to replace a college calculus 
course but to prepare students adequately 
to begin their college mathematics pro- 
gram at the calculus level. 

In order to permit pupils beyond the 
seventh-grade level to enter the program, 
the planning committee provided for able 
students to enter the program at the 
tenth-grade level by taking both the inte- 
grated geometry course and intermediate 
algebra and for twelfth-grade pupils to 
take the mathematical analysis course as 
an additional subject. 

The following criteria were adopted to 
be used as the bases for placement of 
pupils in the program: 


1. The pupil and his parents desire such 
placement. 

2. The pupil has demonstrated a high 
level of academic achievement. 

3. The pupil has demonstrated a keen in- 
terest in mathematics. 

4. The pupil has received scores on group 
tests of scholastic ability which place 
him or her within the upper 25 per cent 
of the school population at his grade 
level or has I.Q. scores of 115 or above. 


Pupils are scheduled into these classes 
individually. They are permitted to drop 
out of the program if they find the classes 
too difficult. Pupils who plan to continue 
their education beyond high school in 
technical or scientific fields and who meet 
the established criteria are particularly 
encouraged to enroll in the program. All 
students who complete the program are 
encouraged to take the CEEB Advanced 
Placement Examination in mathematics. 

During the 1958-59 school year, in con- 
nection with the planning for the program, 
a limited number of classes were started, 
and some preliminary evaluation was 
made. Four county junior high schools, 
Horace Mann, Lineoln, Thomas Jeffer- 
son, and Woodrow Wilson taught sections 
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of seventh-grade accelerated arithmetic 
classes. Nitro High School, a six-year high 
school, taught elementary algebra to one 
section of eighth-grade pupils. Charleston 
High School taught, as an additional of- 
fering, mathematical analysis to a group 
of twelfth-grade pupils who were taking 
regularly scheduled classes in trigonom- 
etry and solid geometry. 

The California Arithmetic Test was ad- 
ministered to the seventh-grade pupils in 
these accelerated arithmetic sections at 
the end of the 1958-59 school year. The 
pupils tested generally scored well above 
the end-of-year norms established by the 
publisher for eighth-grade pupils. At the 
end of the 1958-59 school year, the Co- 
operative Elementary Algebra Test was 
given to the pupils taking algebra in the 
eighth grade at Nitro and also to selected 
sections of ninth-grade pupils taking 
elementary algebra at the same school. 
Eighth- and ninth-grade pupils were 
matched according to I.Q. scores, and the 
algebra test results were compared. No sig- 
nificant differences were found between 
the scores of the eighth-grade pupils and 
those of the matched ninth-grade pupils. 
The test results showed that both groups 
achieved well above the national norm, 
established by the publisher for ninth- 
grade pupils who have completed one 
year of study. Information secured by the 
teachers at Charleston High School dur- 
ing the 1959-60 school year showed that 
of the seventeen pupils enrolled in the 
class in mathematical analysis the previ- 
ous year, about half had secured advanced 
placement in college mathematics courses, 
either as a result of their scores on the 
CEEB Advanced Placement Examination 
or from entrance examinations given at 
the different colleges and universities in 
which these pupils had subsequently en- 
rolled. 

At Nitro High School an intensive 
course in solid geometry was taught dur- 
ing the first eight weeks of the 1959-60 
school term to an accelerated group of 
eleventh- and twelfth-grade pupils, who 
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had already completed plane geometry 
and intermediate algebra. Upon comple- 
tion of the solid geometry course, this 
class then began the study of analytic ge- 
ometry. This arrangement was expedient 
in providing an enriched program for 
these pupils, who otherwise would not 
have had the opportunity to take addi- 
tional mathematics courses in high school. 
At the end of the eight-week period, the 
Cooperative Solid Geometry Test was ad- 
ministered. The percentile equivalent of 
the median score for the group, based on 
the publisher’s norms for eleventh-grade 
pupils who had completed one-half year of 
study of solid geometry, was ninety-four, 
with the percentile ranging from thirty- 
six to ninety-nine. The teacher and prin- 
cipal felt that the results showed that able 
pupils such as these could complete the 
study of solid geometry in half or less 
than half of the usual time (one semester) 
that is normally devoted to the course. 

Plans were made to evaluate the county 
pilot program at the end of the 1959-60 
school year in all the participating schools. 
A questionnaire was developed to be 
given to pupils in the program and 
another to be given to teachers and prin- 
cipals. The questionnaires were adminis- 
tered at all the schools participating in the 
program to all pupils enrolled in the pilot 
program, to all mathematics teachers 
teaching in the program, and to the school 
principals in May, 1960. Usable results 
were received from a total of 607 pupils 
and from 22 teachers and principals. The 
questions asked on the questionnaires and 
a summary of the results obtained are 
shown in Table 1 and Table 2. 

Teachers and principals were asked also 
to make comments concerning the pro- 
gram. No suggestion was given concern- 
ing the nature of the comments desired or 
the subjects on which the respondent 
might comment. A study of the comments 
received appears to show that most teach- 
ers found that teaching these classes re- 
quired more time and effort for prepara- 
tion than they had been accustomed to 
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TABLE 1 


RESULTS FROM QUESTIONNAIRES ADMINISTERED TO KANAWHA COUNTY PUPILS PLACED 


IN THE PILOT MATHEMATICS PROGRAM 














Questions Number of Questions Number of 
asked responses asked responses 

1. How do you feel about mathe- 4. How have your friends who 
matics classes of this kind? were not placed in the pilot 
a) [like this kind of class better class felt about your being in 

than a regular class. 506 the class? 
b) I neither like nor dislike this a) They accept my placement 

class more than a regular in the class and are happy 

class. 91 for me. 178 
c) I dislike this kind of mathe- b) They don’t seem to be con- 

matics class. 7 cerned about it. 402 
d) No response. 1 c) Some of them resent my be- 

2. How has what you learned this ing in the class. 25 
year compared with what you d) No response. 2 
think you would have learned 5. How do your parents feel about 
in a regular class? your being placed in the class? 

a) I have learned more. 520 a) They are happy about it. 509 

b) I notice no difference. 14 b) They haven’t said much 

c) I think I would have learned about it one way or the other. 86 
more in a regular class. 14 c) They do not like my being 

d) No response. 5 in the class. 6 

e) If I understood, I would have d) No response. 1 
learned more.* 1 6. How have you felt about the 

3. How does the understanding preiclen, Pom on ne 
you have gained in your class a) There vil Ric dais neil 
this year compare with that of sonal 65 
—— eae open classes b) pasha te — 

’ F e work required in regular 

a) og ig /_™ d yrage os mathematics classes. : 348 
better than in former classes. 299 ¢) Pag an Neng pon - 

b) I notice no difference in the asl bk & eecieing yen wis 31 
meaningfulness of the things d) No ames i 32 
y tases class than in former 157 e) er , work but not too 

c) [have more difficulty under- ge a Ps 122 
standing the things that are f) Not enough work. 2 
taught in this class. 133 * Choices “‘e’’ and ‘‘f” represent responses which 

d) No response. 4 were written in by students. 


TABLE 2 


RESULTS FROM QUESTIONNAIRES ADMINISTERED TO KANAWHA COUNTY MATHEMATICS TEACHERS 


AND PRINCIPALS 














Questions Number of Questions Number of 
asked responses asked responses 
1. How have you found the ac- a) Better. 21 
celerated mathematics program b) No noticeable difference. 1 
to function at your school? c) Poorer. 0 
a) Satisfactorily. 22 d) No response. 0 
b) Unsatisfactorily. 0 3. What do you think about the 
c) No response. 0 appropriateness of the content 
2. How do you feel that students of the courses in the program 
in these classes progressed in for the pupils who enroll in the 
comparison with the progress program? 
they would likely have made in a) More appropriate to pupils’ 
needs and interests. 19 


regular classes? 
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TABLE 2 (continued) 











Questions Number of Questions Number of 
asked responses asked responses 
b) No noticeable difference. 0 c) Disapproval of such place- 
c) Less appropriate to pupils’ ment. 0 
needs and interests. 0 d) No response. 2 
d) No response. 3 8. What effect has placemeut in the 


4. What is the most prevalent stu- 
dent attitude toward placement 
in the classes? 
a) Desirable. 21 
b) Pupils indifferent as to being 
placed in these classes or in 
the regular mathematics pro- 


gram. 0 
c) Pupils have to be forced to 

enroll in them. 0 
d) No response. 1 


5. What have you found concern- 
ing the attitudes toward the 
study of mathematics on the 
part of the students in the pro- 


gram? 
a) Better. 16 
b) No noticeable difference. 4 
c) Poorer. 0 
d) No response. 2 
6. What has been the most prev- 
alent attitude of the pupils who 
have been placed in the program 
toward fellow pupils who have 
continued in the regular pro- 
gram? 
a) Feeling of superiority or pa- 
tronization. 2 
b) No noticeable change from 
previous attitudes toward 
same pupils. 16 
c) Improvement in _ interper- 
sonal relations. 3 
d) No response. 1 
7. What has been the most prev- 
alent attitudes expressed by 
pupils not in the program toward 
fellow pupils who have been 
placed in the program? 
a) Favorable acceptance of this 
placement. 15 
b) Indifference. 5 


devoting to previous classes. However, the 
teachers who made this comment also 
said that they had found the experience of 
teaching the classes to be enjoyable and 
rewarding. Several teachers commented 
that student interest in the classes was 
high and that pupils were self-motivated 
to learn. None of the teachers or prin- 
cipals responding made any comment 
about the program which could be inter- 
preted as adverse criticism. 
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program had on the attitude of 
the pupils so placed toward 
school generally? 

a) Pupils’ attitudes have im- 


proved. 7 
b) No noticeable difference. 13 
c) Pupils’ attitudes have de- 

teriorated. 0 
d) No response. 2 


9. What have you found to be the 
most prevalent attitudes of par- 
ents toward having their chil- 
dren placed in the program? 

a) Parents are favorably in- 
clined. 19 

b) Parents are indifferent or 
willing to leave placement to 
the judgment of the school. 2 

c) Parents are reluctant to have 
their children placed in the 
program. 0 

d) No response. 

10. What have you found regarding 
teaching classes in the program? 
a) Classes are easier to teach. 
b) I notice no difference. 

c) Classes are harder to teach. 

d) No response. 

11. What is your belief concerning 
the content of accelerated math- 
ematics courses? 

a) Emphasis should be placed 
on learning more advanced 
concepts. 3 

b) Emphasis should be placed 
on developing better under- 
standing of concepts in the 
regular mathematics  se- 
quence. 9 

c) Emphasis should be placed 
on both a and b. 

d) No response. 


— 
oe no 


So 


on 


In addition to the questionnaires which 
were administered, standardized tests of 
arithmetic, elementary and intermediate 
algebra, and plane and solid geometry 
were also given in May, 1960, to sec- 
tions of pupils in the program. The Cali- 
fornia Arithmetic Test, intermediate tests, 
Forms AA and BB, was administered to 
the seventh-grade accelerated arithmetic 
sections. The Cooperative Elementary 
Algebra Test was administered to the 
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eighth-grade algebra sections and the Co- 
operative Intermediate Algebra Test was 
given to pupils completing intermediate 
algebra in grade nine. Tenth-grade pupils 
in some integrated sections were given 
both the Cooperative Plane and Coopera- 
tive Solid Geometry Tests. Others were 
given only the plane geometry test. The 
tenth-grade pupils who took the solid ge- 
ometry test were taking integrated geom- 
etry in addition to intermediate algebra. 
Tenth-grade pupils who took only the 
plane geometry test included also sections 
of pupils who were taking integrated ge- 
ometry as their only mathematics course 
at this grade level. There are no known 
standardized tests which are appropriate 
for the classes in mathematical analysis. 


TABLE 3 


Since the program has been in operation 
for only one year, there were no classes in 
trigonometry or college algebra which 
were a part of the pilot program. 

Since all tests were administered at the 
end of the first full year of the program’s 
operation, a majority of the pupils tested 
were in the seventh-grade sections. Pupils 
tested in the eighth grade were the pupils 
at the specified junior high schools which 
had taught seventh-grade accelerated 
arithmetic in 1958-59. Similarly, the 
ninth-grade pupils who took the interme- 
diate algebra test were the pupils at Nitro 
who had been tested at the end of the pre- 
ceding year and matched with a ninth- 
grade control group. 

Table 3 shows the results from the Cali- 


RESULTS FROM THE CALIFORNIA ARITHMETIC TESTS GIVEN TO SEVENTH-GRADE ACCELERATED 
ARITHMETIC PUPILS AT HoracE MANN, LINCOLN, THOMAS JEFFERSON, AND WoopROW WILSON 


Juntor HicH ScHoois 




















Number of pupils Number of pupils 
Grade = arith- « ATith- avg. Grade Arith- Avith- arith. 
equivalent metic — metic equivalent metic ae metic 
: funda- . funda- 
reasoning total reasoning total 
mentals mentals 
5.0 1 8.4 2 
5.4 1 8.5 2 3 4 
5.8 2 8.6 ] 4 2 
5.9 1 8.7 4 
6.0 1 8.8 3 3 2 
6.1 1 8.9 3 3 
6.2 1 9.0 1 2 2 
6.4 1 1 9.1 2 
6.5 1 1 1 9.2 8 3 
6.6 1 2 1 9.3 8 5 2 
6.7 1 9.4 6 9 
6.8 1 9.5 3 4 8 
6.9 3 9.6 5 4 
7.0 1 9.7 11 ff 
aan 1 9.8 7 8 7 
7.3 3 1 9.9 10 1 
7.4 4 10.0 6 7 8 
7.5 1 4 1 10.1 2 
7.6 4 2 10.2 16 5 4 
: 3 1 1 10.3 2 
7.8 2 10.4 5 17 1 
7.9 2 4 10.5 10 2 
8.0 1 1 3 10.6 3 11 
8.1 1 10.7 9 1 7 
8.2 2 3 10.8 10 6 4 
8.3 3 3 5 Above 10.8 74 43 61 
Median grade equivalent 10.7 9.8 10.2 
183 183 183 


Total number of pupils tested 
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TABLE 4 


RESULTS FROM THE COOPERATIVE HIGH SCHOOL MATHEMATICS TESTS GIVEN TO PUPILS 
IN THE KANAWHA COUNTY PILOT MATHEMATICS PROGRAM 














Range of scores Median score 
Number 
Test Grade of pupils 
level tested Standard Percentile Standard Percentile 
score score 
Cooperative Elementary 8th 259 84-30 99-1 63 86 
Algebra Test 
Cooperative Intermediate 9th 39 71-46 94-10 63 74 
Algebra Test 
Cooperative Plane 10th 170 74-24 98-1 57 62 
Geometry Test 
Cooperative Solid 10th 60 82-50 99-21 65 81 


Geometry Test 


fornia Arithmetic Tests. The grade equiva- 
lents are based on the publisher’s norms. 

Table 4 shows the results from the 
Cooperative Tests administered to the 
eighth-, ninth-, and tenth-grade pupils in 
the program. The percentiles shown are 
based upon the publisher’s norms for end- 
of-year achievement. However, the results 
for the eighth-grade elementary algebra 
test are based on publisher’s norms de- 
veloped for ninth-grade pupils and the 
ninth-grade intermediate algebra test re- 
sults are based on norms for eleventh- 
grade pupils, since these are the grade 
levels at which these courses are usually 
taught. 

Discussion of the results of this survey 
must be divided into two categories: the 
results from the questionnaires and the 
standardized test results. The former indi- 
cates the reception which this pilot pro- 
gram has been given by students, teachers, 
and principals, and, indirectly, by the 
parents of the students in the program 
and by other pupils who are not in the 
program. The latter show the level of 
achievement. 

The results from the questionnaires 
show that this pilot program has been ac- 
cepted and is favored by almost everyone 
concerned. A great majority of the stu- 
dents questioned reported that they liked 
these special classes better than the 
mathematics classes in which they had 
been previously enrolled and that their 
parents liked having them in the classes. 


330 The Mathematics Teacher | May, 1961 


The students also said that they had 
learned more in the classes, although a 
number of pupils said that they had been 
required to work harder. It is interesting 
to note that a large per cent of the pupils 
questioned wrote in the response that they 
had to do more work but not too much. 

Teachers unanimously reported that 
they had found the program to be satis- 
factory and were almost unanimous in say- 
ing that they felt that students had made 
more progress in these special classes than 
they would have made in the regular 
mathematics program. The teachers said 
also that the students’ attitudes had im- 
proved and that their parents had reacted 
favorably to the classes. Generally, the re- 
sponses of the teachers, all of whom have 
had one or more years’ experience in the 
program, appear to be a vote of confidence 
for the program. The fact that the teachers 
who responded to the questionnaire were, 
for the most part, the same teachers who 
planned the program admits the possi- 
bility, however, that these teachers iden- 
tify with the program and are not able to 
view it objectively. 

Some of the teachers helping with the 
planning of the program were concerned 
with the effect that placement in a special 
class, such as one of the classes in the pilot 
program, might have on the pupils’ inter- 
personal relations. Questions number 4 on 
the pupils’ forms and numbers 6 and 7 on 
the teachers’ questionnaire were designed 
to elicit information concerning _ this 
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point. Teachers reported that the atti- 
tudes of pupils placed in the program 
toward their fellow pupils who were not 
so placed was not noticeably affected. The 
teachers also thought that pupils not in 
the program accepted the program and 
did not appear to resent other pupils being 
placed in the group. 

The responses showed that the pupils in 
the program felt that their friends were, 
in the main, either happy that they had 
been placed in the program or were un- 
concerned. It should be pointed out here, 
however, that pupils not in the program 
were not questioned as to their attitudes 
toward the program. This represents a 
weakness in the plan for the survey. Less 
than 5 per cent of the pupils placed in the 
special class reported that their friends re- 
sented their having received such place- 
ment. One student wrote in a comment on 
this question that may be significant. He 
or she said, ‘“‘Most of my friends are also 
in this class.” 

The Cooperative Tests chosen to be 
used in the evaluation appeared to be 
among the most appropriate standardized 
instruments for measuring the achieve- 
ment of classes such as those in this pilot 
program. The California Arithmetic Test 
also appeared to be an appropriate instru- 
ment, being well standardized and yield- 
ing scores both in arithmetic reasoning and 
arithmetic fundamentals. The level of the 
California test chosen to be given to these 
seventh-grade pupils also appeared ap- 
propriate, since the test is designed for use 
with seventh-, eighth-, and ninth-grade 
pupils. However, the results showed that 
the California test used was not appropri- 
ate since the scores of about one-third of 
the pupils tested were so high that they 
were above the maximum grade equiva- 
lent of 10.8 school years set by the pub- 
lisher. Thus, while the median grade 
equivalents were not affected, both the 
ranges of the scores and the means, if they 
had been desired, would not have been 
usable. When corresponding groups of 
seventh-grade pupils are to be tested 


again, a test having a considerably higher 
level of difficulty will be chosen. 

The results from the seventh-grade 
tests showed the median scores on the two 
subtests and the composite score to range 
from two to nearly three years above the 
national norm. The pupils scored higher 
on arithmetic reasoning than on arithme- 
tic fundamentals. More than one-third of 
the pupils’ scores placed them three years 
or more above national norms in arithme- 
tic reasoning. About one-fourth had simi- 
lar results for arithmetic fundamentals 
and exactly one-third for total arith- 
metic. 

Interpretation of test results from 
groups of able pupils such as these can 
only be made in terms of ieveis of expecta- 
tion. Another weakness of this survey, 
from the aspect of its quality as a study, 
is the lack of a control group. The survey 
did not yield data that would show the 
level of achievement of pupils of compar- 
able ability who were in the regular 
county mathematics program. The Pub- 
lisher’s Manual for the California test does 
give adjusted norms for pupils of various 
ability levels. According to the manual, 
pupils having I.Q.’s of 115 (the estimated 
lower limit for the classes) should receive 
scores on the total arithmetic test at the 
seventh-grade level, yielding grade equiva- 
lents 1.25 years above the national norm. 
This compares with a median grade 
equivalent for the pupils tested which is 
2.3 years above the norm. 

The fact that the median test scores for 
these seventh-grade arithmetic sections 
were at the tenth-grade level appears to 
have considerable implications for cur- 
riculum planning, grouping for instruc- 
tion, and choice of instructional materials 
in the county. If sections of seventh-grade 
arithmetic classes can be formed whose 
median score on an achievement test at 
the end of the year is almost three years 
ahead of the national norm, then consid- 
erable study appears to be called for con- 
cerning the adequacy of the regular ele- 
mentary school arithmetic program for 
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these students. The levels of reading vo- 
cabulary and mathematical concepts con- 
tained in the textbooks used by these 
pupils and even the adequacy of the pu- 
pils’ program in the sciences and other 
subjects should be re-evaluated. 

The results from the Cooperative Alge- 
bra Tests, both for the elementary and in- 
termediate classes, showed that the stu- 
dents tested made very high scores on 
both tests. The national median score is, 
of course, the fiftieth percentile. Results 
for the elementary algebra students were 
equivalent to the eighty-sixth percentile, 
based on national ninth-grade norms. The 
ninth-grade pupils taking intermediate al- 
gebra also scored well above the national 
norms which are based on tests adminis- 
tered to eleventh-grade pupils. It must be 
concluded from the results of this study 
both that these Kanawha County pupils 
have demonstrated superior achievement 
in algebra and that elementary algebra 
can be taught to eighth-grade pupils and 
intermediate algebra to ninth, if the pupils 
are selected according to criteria similar 
to those used in this county. 

The results from the Cooperative Ge- 
ometry Tests do not appear to be as inci- 
sive as the results from the arithmetic and 
algebra tests. The county pilot mathemat- 
ics program will require five years from its 
inception to be fully instituted in all 
grades. However, the test results show 
that pupils in the geometry sections tested 
achieved. above the national norm, and 
that the achievement of many pupils was 
definitely superior. The special solid ge- 
ometry test given earlier in the school year 
at Nitro appears to have demonstrated 
that solid geometry can be taught success- 
fully in half the time which has been al- 
located to it in the past. The solid geom- 
etry test results for tenth-grade students 
indicate that solid geometry can be taught 
successfully at a lower grade level than it 
has been placed previously in the county. 
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SUMMARY AND CONCLUSIONS 

A pilot program in mathematics de- 
signed to allow able students to proceed 
through a mathematical sequence culmi- 
nating in mathematical analysis in the 
twelfth grade was instituted in four Kana- 
wha County high schools and their at- 
tendant junior high schools at the begin- 
ning of the 1959-60 school year. An evalu- 
ation of the results obtained was made at 
the close of the school year. The evalua- 
tion took the form of questionnaires ad- 
ministered to pupils, mathematics teach- 
ers, and principals of the schools concerned 
and standardized achievement tests ad- 
ministered to pupils in the program. 

The results from the questionnaires 
showed that almost all teachers and a 
large majority of pupils were pleased with 
the pilot program. Students reported that 
they felt that they had learned more in 
these special classes than in their previous 
classes. Teachers reported that they also 
felt the pupils had learned more and that 
there had been a general improvement in 
the students’ attitudes. 

Standardized achievement test results 
showed the seventh-grade arithmetic pu- 
pils in the program to be almost three 
years ahead of national norms. Eighth- 
grade pupils completing first-year algebra 
were found to be well above the national 
norms for ninth-grade algebra students. 
Similarly, ninth-grade pupils taking inter- 
mediate algebra were found to be well 
above the national norms for eleventh- 
grade pupils. Achievement tests in plane 
and solid geometry also showed pupils to 
be above national norms. While the test 
results generally indicated that the pilot 
program is proving to be successful, com- 
parisons were not made of the results ob- 
tained in these selected sections with re- 
sults obtained in the regular mathematics 
sequence existing in other schools in the 
county. Nor were the test results eval- 
uated on terms of levels of expectation. 
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Some implications of programmed 


instruction for the teaching 


of mathematics 


RALPH T. HEIMER, Pennsylvania State University, 


University Park, Pennsylvania. 


Can and should mathematics be taught by the use 
of programmed-instruction materials and machines? 


THE ALERT TEACHER of mathematics will 
soon be occupied by what appears to be 
another significant development in tie 
area of mathematics education. In addi- 
tion to being confronted with a deluge of 
proposals for curricular change, the astute 
teacher may soon find the specter of auto- 
mation forcing him to subject his mode of 
instruction to critical evaluation. Refer- 
ence is being made to the advent of an en- 
tirely new concept in the theory of learn- 
ing and teaching—a concept of “auto- 
mated instruction.” 

“Automated instruction” is a phrase 
which refers to an instructorless method of 
teaching or learning and represents in 
some sense—-ideally, at least—the clas- 
sical process of tutoring. In recent months, 
there has been an eruption of interest in 
the technique of automated instruction; 
in particular, a great deal of interest has 
been manifested in the preparation of 
mathematical materials for this type of in- 
struction. This has not been a chance 
event. Mathematics seems unusually well 
suited for such treatment because of its 
high degree of logical organization, and it 
is in the interest of keeping the high 
school mathematics teacher informed of 
what may well become a significant aspect 
of the teaching of mathematics that this 
article is written. 

It would, perhaps, be more accurate to 
refer to the subject of automated instruc- 


tion as “programmed instruction,” since 


the most important feature of the method 
involves the “programming” of a body of 
knowledge for consumption by a group of 
learners. This process of programming 
amounts to taking the body of material to 
be learned and breaking it into an orderly 
sequence of units. Each unit is, in turn, 
logically organized into small steps which 
are normally framed as questions. 

The character of the actual learning 
situation varies with the mode of pro- 
gramming employed, and there are at the 
present time two basically different tech- 
niques in wide use. One method consists of 
asking the student to answer a series of 
questions in a carefully organized se- 
quence. After the student has made an 
overt response to a question, he is pro- 
vided with the correct answer. In the writ- 
ing of such a program, it becomes impor- 
tant to attempt to present new informa- 
tion in relatively small steps, so that if an 
incorrect response should by chance be 
given, the mere expedient of showing the 
student the correct answer suffices to “‘set 
him straight.” The following is an ex- 
ample of a sequence of such items: 


1. It is sometimes useful to combine two 
sets to form a new set called their 
union. 

For example, the union of the sets 
{1,2} and {3,4} is {1,2,3,4}. 
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What is the union of the sets {1,3} 
and {2,4}? 
. {1,2,3,4}. 
Suppose A= {1} and B= {2}. The 
union of sets A and B is the set ___. 
3. {1,2}. 

The set {2.14, 6, 3, —2} is said to be 
the __________ of the sets {6, —2} 
and {, 2.14} 

4. union. 

The intersection of {0, *, 7, 0, .5} 
and{7, 0, 2, +} is 

ee Mae ¥ 

The union of {0, *, 7, 0, .5} and 
{7, 0, 2, +} is 

6. {0, *, 7, DO, .5, 2, +}. 

The union of the set of odd numbers 
and the set of even numbers is the 
OG hss 5 

7. {1,2,3,4,---}. 

Ete. 


bo 








(It is to be noticed that the answer to any 
given question appears in the subsequent 
frame.) 

The second method differs from the 
first primarily in one respect: this tech- 
nique of programming provides the learner 
an additional degree of freedom. The 
steps are usually larger, and the student 
must select a response from a group of 
possibilities. When an incorrect response 
is given, the learner is directed to a series 
of items (questions) through which an at- 
tempt is made to eliminate the difficulty 
that led to the incorrect response. The 
more alert student, of course, bypasses 
these items and continues working in the 
main stream of the program. 

Programmed materials can be presented 
to students in various ways. There are 
available many so-called ‘teaching ma- 
chines” which have been designed for this 
purpose. A more recent development is 
the programmed textbook which is writ- 
ten in a manner whereby the text itself 
functions as a machine. It should be em- 
phasized, however, that the central values 
of automated instruction lie with the pro- 
gram, not with the mode of presentation. 


These values are as follows: 

1. The student is continuously involved 
in the learning process. He must make 
overt responses to the questions which 
form the program in order to proceed. 

2. The student gains immediate rein- 
forcement; that is, the student is con- 
stantly kept informed of the correct- 
ness of his responses. 

3. Each student can proceed at his own 
rate of speed. Thus, individualized in- 
struction becomes a reality. 

These advantages of programmed in- 
struction are recognized as highly desir- 
able factors in the learning situation and 
are responsible in large measure for the 
great deal of activity and enthusiasm be- 
ing exhibited in this area. 

There are a number of mathematics 
programs currently available in one form 
or another, and many others are in the 
process of being written. These include 
elementary algebra, plane geometry, in- 
termediate algebra, trigonometry, analyt- 
ic geometry, elementary calculus, dif- 
ferential equations, and statistics. At 
Pennsylvania State University we have 
embarked upon a research project under 
the provisions of a Title VII grant in 
which we are trying to adapt, via closed- 
circuit television, principles of pro- 
grammed learning to large-group instruc- 
tion. The closed-circuit television setup 
will function as our “teaching machine,” 
and this may result in an entirely new 
concept of the usefulness of television in 
an educational setting. We are also pre- 
paring our own materials, and the writer 
is carrying a central responsibility in the 
development of a program in basic college 
mathematics which will have a strong 
algebraic orientation. 

There is a great deal to be learned about 
programmed instruction. For instance, in 
what capacity is it most useful? Just how 
effective is it? In what areas will it find 
its fullest application? The answers to 
these questions and many like them will be 
forthcoming and may well demand more 
than just passing interest. 


334 The Mathematics Teacher | May, 1961 





GL. 


we br 
appe: 


But 


or 


Upon 


This | 














BIBLIOGRAPHY 


GuaseER, Rospert. Principles and Problems in the 
Preparation of Programmed Learning Se- 
quences. Report prepared under Cooperative 
Research Project No. 691(9417), The United 
States Office of Education, Department of 


Health, Education, and Welfare. University 
of Pittsburgh, September, 1960 [reprint]. 
LuMspaAINg, A. A., and GLASER, R. (eds.). Teach- 
ing Machines and Programmed Learning—A 
Source Book. Washington, D.C.: Depart- 
ment of Audio-Visual Instruction, National 

Education Association, 1960. 





Letters to the editor 
Dear Editor: 


I was reading “Problems involving overlap- 
ping finite sets’ by Brother Alfred in the No- 
vember, 1960, issue (pages 524-32), and felt it 
would serve me very well for illustrative work. 
However, I have run across a difficulty in one of 
his illustrations and would appreciate clarifica- 
tion. 

On page 525 Brother Alfred uses as an ex- 
ample a small town with 7,635 male adults. 
These are broken down as follows: 


A; 5,492 coal miners Ni =5,492 
A; 6,057 Democrats Nz: =6,057 
A; 4,135 affiliated with a 

church N; =4,135 
Ay 4,532 coal miners and 

Democrats Nu =4,532 
Ax 3,957 church affiliates and 

Democrats Nx =3,957 
A; 3,553 church affiliates and 

coal miners Ny =3,553 


Aw 3,337 church affiliates, 
Democrats and coal 


miners Ni23 =3 , 337 


My problem results from the fact that when 
we break down the church affiliates we find what 
appears to me to be a contradiction. 


N;=4,135 

But 

Ns =Nias+Nits+Nr2s+Nris 
or 

Ns=Nis+Nas—Nias+Nris. 

Upon substituting the figures given, we find: 

4,135 =3,553 +3,957 —3,337 +Nrzs 
This leaves us with the result that Ny, = —38, 


which indicates the original set of data was in- 
consistent. Clarification is awaited with interest. 


Very truly yours, 

Luciten K. WERNICK 
Freedom Plains Road, RD#3 
Poughkeepsie, New York 


Editor’s Note: Mr. Wernick is right. The 
number Ny, would be —38. The data as given 
are inconsistent. 

Mr. Wernick wishes to credit Michael Lip- 
shitz, a student at Bronx High School of Science, 
for actually having discovered the discrepancy. 
Mr. Wernick reports he has found a second dis- 
crepancy on pages 529-30 in the example con- 
cerning drama students and football players. 


Dear Editor: 


On page 644 of the December, 1960 issue of 
Tue MATHEMATICS TEACHER is an article on the 
decimal approximations of z. 

On page 648 of the same issue appears a 
table entitled ‘‘Cumulative Distribution of the 
First 16000 Decimal Digits of z.’”’ Under the 
five thousand mark, the sum of the distributive 
digits should equal 5000, whereas they only 
total 4991. Would you please correct this error 
in your next issue? Thanking you, 

I remain, 

Martin HorrMaNn 
Student at 

Boston Latin School 


Editor’s Note: The editor of the ‘“‘Histori- 
cally Speaking,—’’ department when notified of 
this error, noted that the difference between 
4991 and 5000 is 9. This suggested a transposi- 
tion error. The last number in the row after 5 
should read 521 instead of 512. 








“Science teachers, encouraged by having 
adequate laboratory equipment, are attending 
inservice training institutes and summer courses 
in increasing numbers.”’—From “Schools in Our 
Democracy,” Office of Education, U.S. Depart- 
ment of Health, Education, and Welfare. 
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A Pascal pyramid 
for trinomial coefficients 


EVELYN B. ROSENTHAL, Fieldston School, New York, New York. 


THE CONSTRUCTION of the Pascal triangle 
for binomial coefficients is well known; 


n 
each number in it, ( ), is the sum of the 
J 


two adjacent numbers above it in the pre- 
ceding row. This method of constructing 
the coefficients works because of the 
property: 


n n—-1 n—1 
A ol hh 
J tas J 
Similarly, a three-dimensional anal- 
ogous construction of the trinomial co- 


efficients can be made, based on the 
property: 


n n—1 n—1 
(, a a oe 1,j, x be (, Zak, 4 
n—1 
. Er ia 


i+j+k=n. 


where 


n 
The symbol ( ay ) represents the co- 
15), ‘ 


efficient of z‘y’z* in the expansion of 
(x+y+z)"; this number is also the number 
of combinations of n things taken 7, j, k 
at a time. 

The pyramid formed by these numbers, 
each the sum of three adjoining numbers in 
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Some students enjoy the Pascal triangle. 
Do they know about a Pascal pyramid? 


the layer above, is most easily represented 
by its layers. 

The top layer, where n=0, is a point, 
the vertex of the pyramid. This point 
represents (x+y+z)°=1. The next layer 
shows n=1: 


L\ 


| | 
(aty+z)'=2'+y'+21. 


For n=2: 


(aty+z2)2=22+y? +224 2ryt 2ez+2yz. 


For n=3: 
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(x+y+z)* has terms of the form 2’, 32%y, 
and 6.xyz. 


For n=4: 
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The method of construction is as fol- 
lows: the large numerals at each inter- 
section are the coefficients for the given 
n. To get them, insert the numerals 


for the coefficients for n—1, that is the 
numerals from the previous layer of the 
pyramid. These symbols are placed in the 
triangles that “point up.’’ At each inter- 
section inside the large triangle, there are 
three of these small triangles; at each 
intersection on the sides of the large tri- 
angle, there are two; at each vertex of the 
large triangle, there is one. In each ease, 
the sum of the numbers in the small tri- 
angles that meet at any intersection is the 
coefficient for that intersection. 

In each layer the repetition of the pat- 
terns of the binomial coefficients is obvious. 

The numbers of small triangles, tra- 
versed by the perpendiculars from any 
intersection to the sides of the large tri- 
angle, give the exponents for that term, 
e.g., the dotted lines in the diagram for 
n=6 show that a term in the expansion of 


(2+y+z)$ is 


6 
6021yz3; 60= ( ). 
1,2,3 


Similarly, from the previous diagram, a 
term in the expansion of (x+y+z)® is 


5 
10x°y*z?, or 10y*z? and 10=(, ). An- 


5 
other term is 30x?y?z! and 30=( ). 
2,2,1 


Since the sum of the perpendiculars from 
any point in an equilateral triangle to the 
sides is a constant, the sum of the ex- 
ponents in any term of an expansion is also 
a constant. 

This construction also shows that the 
number of terms is a “‘triangular number,” 

x(x+1) 


i.e., a number of the form ge 


“= 





Here 


it i 


7 (n+1)(n+2) 
2 


» the number of parti- 


tions of n into three parts. 
If we want the expansion of (1+2+27)", 
the sums of the numbers in vertical col- 


A Pascal pyramid for trinomial coefficients 337 





umns give those coefficients. It is easily 
verified that if the distance (measured by 
the numbers of small triangles traversed) 
from the right side of the large triangle 
gives the exponent of 1, the distance from 
the base gives the exponent of z, and the 
distance from the left side gives the ex- 
ponent of 2’, then all terms in the same 
vertical column will be like terms. For in- 
stance, using the layer for n=4, we find 
that 


(l+2+.2?)4=1+42+ 10x?+ 167?+ 1924 
+ 1625+ 10x°+427+23. 


(iat ter att 
11 4HONG I {16 ;10; 4; | 
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Letter to the editor 
Dear Editor: 

This discussion is a continuation, in effect, of 
an article titled “A Test for Divisibility” by 
Sister M. Barbara Stastny, O.S.F., in the De- 
cember, 1960, issue of THe MatTHEMATICS 
TeacuER. The article develops tests for divisi- 
bility by all the primes below 100 except 83 and 
97. Relatively simple tests are suggested by an 
extension of Stastny’s work. 

It will be observed that 100 is congruent to 3, 
modulo 97. This suggests that for all numbers of 
the form 100z+y, the number will be divisible 
by 97 if and only if 32+ is divisible by 97. The 
identity 100x¢+y=(3z+y)+(97z) clearly dem- 
onstrates the universality of the conjecture. 
Using Stastny’s algorithm, 86,434,372 is tested 
by divisibility by 97. 

100z +y = 100(864343) +72 

3z+y 86434372 
x3 
2593029 

+72 
2593101 


X3 
77793 
+i 
322+Y2 77794 
x3 
2331 
+94 
3rat+ys 2425 
xX3 
“72 
+25 
97 


3tutn 


338 The Mathematics Teacher | May, 1961 


Ordinary division confirms the fact that 
86,434,372 equals 97 times 891,076. 

It is obvious that the same principle could be 
used to show that 100x+-y is divisible by 83 if 
and only if 17r+-¥ is also divisible by 83. How- 
ever, the computational labor of successive mul- 
tiplieations by 17 is about as great as the ordi- 
nary division process. A further search reveals 
that 1,000 is congruent to 4, modulo 83. 1000z 
+y = (4r+y) +(12) (83x). This identity leads to 
a more convenient and less laborious test. 
86,434,372 is tested by divisibility by 83. 

4x+y 86434372 
x4 
345736 
+372 
4x, +y 346108 
x4 
1384 
+108 
422+ Y2 1492 
x4 
+t 
+492 
496 

We find that 496 divided by 83 is 5 with a 
remainder of 81. 86,434,372 is not divisible by 

83, a fact confirmed by ordinary division. 
86,434,372 equals 83 times 1,041,377 with a re- 
mainder of 81. 

These two tests, with Stastny’s tests, pro- 
vide a complete system of tests for divisibility 
for primes less than 100. 

GerorcE S. CUNNINGHAM 


State Director of Mathematics Education 
Concord, New Hampshire 
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Algebra and geometry; 
mathematics or science?* 


ALBERT WILANSKY, Lehigh University, Bethlehem, Pennsylvania. 
For the nonspecialist in mathematics, which subject 
makes the greater educational contribution, algebra or geometry? 


My REMARKS have been organized into 
seven topics. 

1. Pure mathematics is a glorious game 
played by an ever-increasing, but tiny 
minority. I have nothing to say about it 
here. 

2. There are two kinds of applied math- 
ematics: the kind that helps us to under- 
stand nature, and the kind that helps us 
to understand ourselves. 

The first kind of applied mathematics 
need not concern us here. There is very 
little disagreement about preparation for 
it. The student must master the manipula- 
tive aspects of geometry, algebra, calculus, 
differential equations—the more the bet- 
ter. If he happens to understand what he 
is learning, he will enhance his chances for 
success. 

The second kind of applied mathematics 
is the important kind, since only by under- 
standing ourselves do we stand a chance 
for happiness, as opposed to the hypnotic 
calm induced by gadgets. 

This is the only kind of applied mathe- 
matics that can be usefully taught to the 
vast majority of the population who will 
not become engineers and scientists. This 
is the important part of the population, 
for it decides what music we shall hear on 
our local radio stations, what programs we 
shall watch on television, what movies we 
shall see, and, by the way, who shall 
govern us. 


* A lecture given to the Pennsylvania Council of 
Teachers of Mathematics, April 9, 1960, E. Strouds- 
burg, Pennsylvania. 


Is the technique for solving quadratic 
equations a part of this latter kind of ap- 
plied mathematics? Surely not, for it is 
clear that no housewife, merchant, doctor, 
or senator will be faced with a quadratic 
equation to solve. The only justification 
for their having learned about quadratic 
equations lies in the possibility that there 
is carry-over, that knowledge of quadratic 
equations will purify their thought proc- 
esses in all fields of endeavor. Similar re- 
marks apply to Pythagoras’ theorem. 

It is the purpose of this article to explore 
the relative appropriateness of algebra and 
geometry as vehicles for the important 
task of tidying the minds of the general 
public. I will contend that at the secondary 
level geometry cannot be so used and that 
algebra can be, if properly presented. 

The reason for this, in a nutshell, is that 
geometry cannot be taught as mathe- 
matics at any level below the graduate 
school; hence, geometry in the high school 
must be a branch of science. On the other 
hand, algebra can be taught as mathe- 
matics in the high school. 

3. Let us begin by studying geometry. 

In Euclid’s Proposition 1, Book I we are 
given points A, B. With centers at A, B we 
draw circles with radius AB. They inter- 
sect at C and the triangle ABC is declared 
equilateral. 

Dismissing for a moment the questions 
‘What is draw?” “What is circle?” “What 
is triangle?’ we ask the question, ‘‘Why do 
the circles intersect?” If we carried out the 
experiment, we would find that they some- 
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Sm RE 


times do not, for example, let A, B be 
diametrically opposite each other on the 
earth’s surface. Then each circle contains 
exactly one point. (Notice that I ignore 
the more customary objection [1 ]—that 
one circle might pass from the inside to the 
outside of another without intersecting it, 
for example, if we deal with a co-ordinate 
geometry using only points with rational 
co-ordinates. I am more interested in the 
possibility that one circle may lie entirely 
outside the other.) 

Then we ask why it can be asserted that 
A, B, C are not collinear. (Presumably a 
triangle must, by definition, have non- 
collinear vertices.) Perhaps the noncol- 
linearity follows from the easily proved 
identity | AB| =| BC| =|CA|. How does 
it follow? 

It goes without saying that Euclid’s 
axioms yield no answers. 

I submit that the only way to answer 
these questions at the secondary level is to 
accept as obvious the facts from a dia- 
gram. But a diagram is a physical object 
made of paper and graphite, or slate and 
chalk, or wood, nails, and string. Hence, 
my submission is that geometry must be 
taught at this level as a branch of science. 
“Proof” by diagram will convince the stu- 
dent. Only a few persons like David Hil- 
bert, the great mathematician, will remain 
unconvinced by diagrams. This method of 
teaching geometry will impart a valuable 
spatial technique and be a useful learning 
experience, providing we give up telling the 
student that he is seeing exact reasoning. A 
wholehearted adoption of this attitude will 
result in economy of time and space, as 
pointed out in one instance by W. W. 
Sawyer [6]. 

4. The alternative is to employ exact 
reasoning. (As indicated above, Euclid’s 
treatment falls short of this ideal.) Be- 
ginning with undefined terms, such as 
point and line, we list a set of axioms 
which will be unproved assumptions. 
Finally, theorems are proved. If diagrams 
are drawn, they must be used only to help 
fix the ideas; no special property of the 


diagram may be used. Thus, if we wish to 
show that the larger of two sides of a tri- 
angle has the larger angle opposite it, it is 
perfectly permissible to draw an equi- 
lateral triangle, or a right triangle, or even 
a collection of three zigzag curves, since 
the reasoning will be strictly deductive and 
not refer to the diagram. 

As an example, consider the following 
special case of Euclid, Proposition 7, 
Book I: 

Proposition: Given two points A, B, there 
exist at most two points C, D, such that 
ACB and ADB are equilateral triangles. 

This will be a theorem in the following 
development, which as far as I know, can- 
not be materially shortened. 

Point is undefined: A line is a collection 
of points subject to the axiom; two points 
belong to exactly one line. Congruence is 
an undefined relation between pairs of 
points, written =. It is assumed that 
PQ=PQ=QP, that if PQ=RS=TU, then 
PQ=TU, and that if PQ=RS, then 
RS=PQ. Circle is defined as usual. Let 
pb PQ, standing for the perpendicular bi- 
sector, be the set of all R, such that 
PR=RQ. Axiom: pb PQ is a line. Axiom: 
If P, Q, R lie on a line, then pb PQ is 
parallel to (i.e., does not meet) pb QR. 
Axiom: If P, Q, R are distinct, 


pb PQ¥pb QR. 


The proofs of Theorems 1 and 2, below, 
are trivial. 

THEOREM 1: Two lines intersect in at 
most one point. 

THEOREM 2: T'wo different circles cannot 
meet in three points. (Euclid, III 5) 

Proof: Let P, Q, R lie on circles with 
centers A, B. Then AP=AQ, hence, A lies 
on pb PQ. Similarly, A lies on pb QR, and 
B lies on pb PQ and pb QR. By Theorem 1, 
A=B. 

To prove the Proposition, if there were 
three points C, D, E, they would con- 
tradict Theorem 3 by lying on two distinct 
circles, with center A and radius AB, with 
center B and radius AB. 

The argument is not easy, the ideas are 
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sophisticated, and the axioms on pb are 
extremely ad hoc; they carry us no further. 
For example, the set of axioms given here 
is not sufficient to prove that given a pair 
of points A, B, there is a mid-point i.e., a 
point C, such that A, C, B are collinear 
and AC=CB. In other words, we cannot 
prove that pb AB is not parallel to the line 
containing A and B. It would be a sophisti- 
cated student, indeed, who felt that this 
needed proof. 

Indeed, it does not! Anyone proving it 
is only testing his own axiom system. The 
statement, as applied to intuitive con- 
structs inside my head, is absolutely true. 
When I write a list of axioms, it is either 
deducible or not. Is it true in the ‘‘real 
world’’? I consider this question meaning- 
less. 

The difficult task of giving an adequate 
axiomatic basis for geometry was per- 
formed, inter alia, by Hilbert before 1900. 
See [3]. Hilbert gave 20 axioms. A list of 
13 axioms (the 13th being of a special 
nature) is given by A. Tarski in [2]. One 
of Tarski’s axioms, 9, translated into more 
intuitive form, is this: suppose that A, B, 
C are collinear points, and D a point; then 
the distance CD is known as soon as the 
distances AB, BC, AD and BD are known, 
i.e., given other collinear points A’, B’, C’, 
and a point D’ with AB=A’B’, BC=B’'C’, 
AD=A'D’, BD=B’'D’; then it follows 
that CD=C’'D’. 

If these remarks do not show convinc- 
ingly that geometry cannot be taught de- 
ductively at the secondary level, one 
might consider the following problem: 
How much would one postulate in order to 
deduce the class of theorems of which the 
following is typical? Given collinear points 
A, B, C, D, with B between A and C, C 
between B and D, it follows that C is be- 
tween A and D. 

Slightly malapropos, I mention without 
a moral this anecdote: I was about to pre- 
sent to an analytic geometry class a proof 
that the graph of ar+by=c is a (straight) 
line. A student said, ‘“‘Shouldn’t you begin 
by giving the definition of line?” It was 


an embarrassing moment. Incidentally 
D’Alembert said in 1750, “It is the dis- 
grace of geometry that it does not supply 
me with a definition of line.’”’ As a final 
remark, one should not be overwhelmed 
by Hilbert’s 20 axioms. The Columbia En- 
cyclopedia of Sports lists 43 axioms for 
baseball, Hoyle lists 37 for bridge. Hence, 
geometry is easier than baseball and 
bridge. 

5. Arithmetic and algebra, unlike ge- 
ometry, are ideally suited for axiomatic 
presentation because the number of axi- 
oms required is small and very easily kept 
in mind. 

We begin by studying a certain duality 
in arithmetic: 

a) (1) The universe of discourse: num- 

bers. 
(2) Facts to be used: i. 0+a=a, 


ii. (—a)+a=0, iii. (a+b)+e 
=a+(b+ec). 

(3) TuHrorem: If a+b=a-+e, then 
b=c. 


(4) Proof: (Step 2 may be justified 
or not according to taste.) 1) 
a+b=a+ec (given), 2) (—a) 
+ (a+b) =(-—a)+(a+0), 
3) [(—a)+a]+b=[(—a+a]+e 
(by iil.), 4) 0+b=0-+¢ by ii.), 
5) b=c (by i.). Q.E.D. 

b) (1) The universe of discourse: non- 

zero numbers. 

(2) Facts to be used: i. 1Xa=a, 
ii. d@Xa=1, (4 is being used for 
convenience to represent 1/a.) 
iii. (aXb) Xc=aX(bXce). 

(3) THeorem: If aXb=aXc, then 
b=c. 

(4) Proof: 1) aXb=axXe (given), 
2) @X (a X b) = & X (a X OO)" 
3) (€Xa)Xb=(@Xa) Xe 
(by iii.), 4) 1Xb=1Xe (by ii.), 
5) b=c (by i.). Q.E.D. 

The two discussions are obviously iden- 
tical, and it is uneconomical to do both 
separately. 

Actually, both theories can be presented 
simultaneously by introducing a neutral 
notation as follows: Let G stand for the 
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collection of all numbers (or of all nonzero 
numbers). Let * stand for + (or X). Let e 
stand for 0 (or 1). Let @ stand for —a 
(or 1/a). 

AXIOMS: i. €*a=a, ii. @*a=e, iii. 
(a * b) *c=a* (b*Cc). 

THEOREM: If a*b=a*.c, then b=c. 
Proof: a*b=a*c, d* (@*b)=a* (a*c), 
(d@*a)*b=(d*a)*c, exb=exc, b=c. 
Q.E.D. 

As soon as desired, one may introduce 
the axiom a *b=b +a. 

This game (called group theory) has 
many amusing aspects. For example, con- 
sider the formula 

, a € “exe 
a) b " d bxXd 
If we translate this into *, and thence 
into +, what will we get? The first step 
yields (a * 5) * (c *d) =(a*c) * (6 *d); the 
second yields (2) (a — b) + (ec —d) = 
(a+c) — (6+d). 

It is rather surprising that the extremely 
useful and well-known formula (1) should 
have as its dual the neglected formula 
(2). Why is (1) so famous and (2) so hum- 
ble, when they are dual? The answer lies 
in the fact that the integers are important. 
Differences of integers are still integers; 
hence we do not develop a theory of adding 
and subtracting differences of integers. 
However, quotients of integers are not al- 
ways integers; hence we take time to 
establish rules for working with them. No 
one cares how to add (7—3) to (4—9); in- 
stead, we add 4 to —5. In contrast, every- 
one learns how to multiply 7/3 by 4/9 and 
get 28/27. 

I remark here that it is probably worth- 
while to adopt a neutral symbol for — and 
+, namely, let a~b stand for a * 5. Then, 
the second step above becomes (a~b) 
* (c~d) =(a*c)~(b*d). 

Since the theories of + and X are so 
similar, one expects that there is an iso- 
morphism between them. This turns out to 
be the logarithm, of course. 

6. An axiomatic development such as 
this is extremely flexible in the following 
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sense: While the argument is proceeding, 
students of extremely diverse abilities can 
see and write precisely the same words and 
symbols. At the same time, they can be 
thinking thoughts that are worlds apart, 
but yet, in each case, germane. Hence a 
teacher can teach an advanced and a regu- 
lar session simultaneously. 

Here are the students’ thoughts: 

Below average. Thinks everything 
through twice, once for +, and once for X. 
While following argument, thinks of + 
as +. 

Average. Does not have to translate into 
+ and X, but * definitely means one or the 
other. 

Above average. Enjoys playing with * and 
carrying out a duality procedure like going 
from (1) to (2) as we just did. 

Good. Realizes that ‘“clock-addition” 
(e.g., 7+8=3) obeys the axioms. Carries 
the duality argument into it as well as + 
and X. Believes the axioms are true. 

Bright. Calls G a group and is aware of 
several particular groups. Wonders how to 
prove the axioms. 

Exceptional. Studies group theory 
through Lagrange’s theorem for enrich- 
ment. Realizes the axioms are part of a 
definition. 

All six classes of students must justify 
every step, learn the nature of proof, and 
obtain exercise in exact reasoning. I repeat 
the dictum that this is the only true ap- 
plied mathematics for the future non- 
scientist. 

7. I offer in the form of a warning and 
a dialogue a contribution to the problem 
of selling such a program to the student. 

Warning: Do not take the point of view 
that anything which seems obvious to the 
student needs proof. One turns in disgust 
from the person who insists, “But how do 
you know that 1 is not an even number, 
as well as an odd one?”’ Yet, one can easily 
become interested in the problem of de- 
ducing this fact from, say Peano’s five 
axioms for the integers. 

The situation is this: We all know a 
large number of facts; for example, if n 
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is even, n+1 is odd; there is no integer 
between 0 and 1; given any real number, 
there is an integer larger than it; if a>0, 
then 1/a>0; a+b=b+4a; 7 is odd. Let us 
tackle the problem of classifying our in- 
formation. Must we write every single fact 
as an isolated entity? No, clearly some 
facts follow from others. For example, 
from “7 is odd” and “‘if n is odd, n+2 is 
odd,” it follows that 9 is odd. 

One of the great achievements of the 
19th century was the discovery of a very 
small number of facts from which all the 
others could be deduced. 

Consider this dialogue. Teacher: ‘“THEo- 
REM: If a>O, then 1/a>0.” Pupil: “But 
that’s obvious and doesn’t need proof.” 
Teacher: (Carefully refrains from saying, 
“How do you know it’s true?”’) “Yes, but 
remember our program. We are trying to 
write down everything we know, either as 
an axiom or a theorem. Now I happen to 
know that the result in question can be 
deduced from the list of facts that we al- 
ready have. It would be most inelegant to 
write it as an axiom and increase our list 


of unproved facts—unnecessarily.”’ 

On occasion, of course, some deducible 
result has a deduction which is so dif- 
ficult that we abandon our efforts to make 
our axiom list minimal and simply postu- 
late the result. For example [4], p. 546, 
last line but one. As Bertrand Russell has 
pointed out, this has exactly the same ad- 
vantages as theft over honest toil. 
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Teacher exchange program opportunities, 1962-63 


Once again it is time for teachers who would 
like the experience of teaching in a national or 
an American sponsored school in another coun- 
try to begin planning for a year abroad. This un- 
usual opportunity is offered to elementary, 
secondary, and junior college teachers in all 
subject fields, through the teacher exchange 
program administered by the Office of Educa- 
tion, in co-operation with the Department of 
State as authorized by Public Law 584, 79th 
Congress, the Fulbright Act, and Public Law 
402, 80th Congress, the Smith-Mundt Act. | 

During the 1962-63 school year, approxi- 
mately four hundred grants will be available in 
forty countries. The exchange teaching assign- 
ments are of two types: those involving an inter- 
change of teachers and those involving a one- 
way assignment for an American teacher in a 
school abroad. Summer seminar grants for 
teachers of French, German, Spanish, Latin, 
and history will also be available in France, 
Germany, Colombia, and Italy, and in Brazil 
and India, respectively. 


The basic qualifications for an exchange 
teacher include the following: United States 
citizenship, a bachelor’s degree, three years of 
successful teaching experience, good physical 
health, moral character, emotional stability, 
maturity, and adaptability. Other considera- 
tions being equal, veterans and persons under 
fifty years of age are given preference. 

Being a well-qualified teacher is not enough. 
A candidate should have a real interest in the 
culture, history, educational system, and people 
of the country for which application is made. 
The teacher should also have the ability and 
willingness to interpret the United States—its 
people, customs, and culture—to people abroad. 

Applications and complete information re- 
garding teaching and summer seminar oppor- 
tunities for the 1962-63 academic year can be 
obtained after August 1 from the Teacher Ex- 
change Section, Office of Education, Depart- 
ment of Health, Education, and Welfare, 
Washington 25, D.C. Applications will be re- 
ceived until Octobe: 15, 1961. 
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Could we teach limits? 


LEHI T. SMITH, Arizona State University, Tempe, Arizona. 


What is the place of the limit concept 


in secondary-school mathematics instruction? 


IN THE CONCERN for high school mathe- 
matics curricula, there are two questions 
that need separate and careful considera- 
tion. First, we must ask whether or not 
pupils could learn a given subject matter, 
and second, we must ask whether or not 
they should learn the given subject matter. 
The first question is psychological, and the 
second is philosophical. The first question 
is one of prime concern. If the answer to 
the first is no, there is little need in con- 
sidering the second. 

These questions are being asked con- 
tinually by responsible people, whether 
consciously or unconsciously, in their ef- 
forts to devise a desirable curriculum. 

Maturity has been found to be impor- 
tant in determining that point in an in- 
dividual’s life where certain tasks can be 
profitably undertaken. ‘‘Maturation is the 
process whereby behavior is modified as 
a result of growth and development of 
physical structure: it is illustrated by the 
fact that until a child is ready to walk or 
talk, i.e., has the neuromuscular develop- 
ment for making such a performance, no 
amount of training can bring about these 
particular changes in performance. Simi- 
larly, many higher thought processes are 
not available to immature humans, i.e., 
utilization of symbolic notation or alge- 
braic operations.’’! 

We often mistake pupils’ inability to 
perform a given task at a given age level 
as a lack of maturity, as defined above, 

1 Howard L. Kingsley, The Nature and Conditions 
of Learning, revised by Ralph Gary 2d ed. (Engle- 


wood Cliffs, New Jersey: Prentice-Hall, Inc., 1957), 
p. 12. 


when in reality it may be that the pupils 
have not had the necessary background of 
experience to cope with the given task. 
In such instances, it is our responsibility to 
consider and examine the possibility that 
this is the case. 

The topic of present concern is the ques- 
tion of whether junior-senior high school 
students could profit from a discussion of 
limit. The subject has been traditionally 
regarded as one which is not sufficiently 
understood by the pupil to make it worth- 
while at the high school level.? Yet one 
must ask, is this due to lack of maturity or 
lack of experience on the part of the pupil? 
Could the subject be taught, i.e., is the 
pupil capable of understanding if given the 
necessary background of experience. 

Acquiring a concept of limit is impor- 
tant to the pupil. A defensible reason for 
not introducing this concept early in a 
pupil’s mathematical life is that it cannot 
be sufficiently understood by him to make 
teaching it worthwhile at the high school 
level. Is this the case? 

An investigation of 578 pupils from 
grades seven through twelve was made in 
an effort to determine whether or not high 
school pupils can profit from experience 
with the limit concept in mathematics and 
to determine the relative importance of 
maturity, as compared to experience, in 
acquiring a concept of limit. The investi- 
gation was limited to pupils who were cur- 
rently enrolled in mathematics classes. 


2 National Education Association, Pinal Report of 
the National Committee of Fifteen on Geometry Syllabus 
(Chicago: University of Chicago Press, 1912), p. 9. 
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The Limits Test, an instrument designed 
through co-operative effort for use in the 
investigation, was used as an indication of 
the extent to which an individual had 
conceptualized limits. 

Some of the classes at grade levels 
seven, nine, and eleven were given three 
hours of special instruction on limits and 
were classified as experience classes. The 
other classes, which received no special 
instruction, were classified as nonexperi- 
ence classes. All classes were given the 
Limits Test. Data on chronological age, 
mental age, and grade-point average in 
mathematics classes were obtained for 
every subject. 

Mental age was found to be an accept- 
able basis for equating groups. At each of 
the given grade levels—seven, nine, and 
eleven—the experience and nonexperience 
classes were equated. The significance of 
the differences between experience and 
nonexperience groups in mean Limits 
Test scores was determined. Significant 
differences were interpreted to be a con- 
sequence of the special instruction. 

At each grade level where experience 
was given, gains made by those pupils who 
had been given special experience, in the 
extent to which they had conceptualized 
the limit, were significant at the .01 level 
(see graph). This indicates that these 
junior-senior high school pupils can, in- 
deed, acquire a concept of limit. 





WiiAs . 


While at each grade level where experi- 
ence was given the difference between the 
nonexperience and the experience groups 
was significant at the .01 level, there was 
no significant difference between grades 
seven and eight, nine and ten, or eleven 
and twelve. In each case, it was found that 
three class hours of experience did produce 
a difference in the extent to which pupils 
had conceptualized the limit, whereas a 
year of added maturity did not. This pat- 
tern of differences suggests that, at this age 
level, experience is the important factor 
in determining the extent to which an in- 
dividual has conceptualized the limit in 
mathematics. 

An additional inference drawn from 
other data is that, in any comparison be- 
tween grade levels in predicting success in 
conceptualizing the limit, a matter far 
more important than consideration of 
pupils’ comparative chronological ages is 
their comparative backgrounds of experi- 
ence. In fact, examination of all the factors 
and variables considered in this investiga- 
tion indicates that the nature of a pupil’s 
background of experience is far more im- 
portant in determining his success with 
problems associated with the limit than 
any other single factor. 

If the subject can be taught profitably, 
and the evidence here indicates that it can 
be, because of its importance it is reason- 
able to suggest that it be introduced in 
conjunction with those topics now taught 
in high school which bear on this concept. 
“Some would eliminate everything which 
cannot be mastered by the close of a given 
school period. This attitude implies that a 
pupil’s growth along a particular line does 
not extend beyond the end of that 
period.”’? Most of the teaching in mathe- 
matics uses the approach of developing 
ideas along simple, then more and more 
abstract lines until a working concept is 
acquired. Should this be the case with the 
concept of limit? 


3 J. H. Minnick, Teaching Mathematics in the 
Secondary Schools (New York: Prentice-Hall, Inc., 
1939), p. 250. 
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An application of the law of sines: 
How far must you lead a bird 
to shoot it on the wing? 


EDWARD L. CLIFFORD, Houston, Texas. 
Important experience in problem-solving where 
mathematics is applied to a practical problem, 

an experience not gained through textbook problems, 
is provided by problems of the type suggested here. 


I HAVE HUNTED birds fairly successfully 
for years without really knowing the an- 
swer to this question of how much the lead 
should be. However, this slight lack of 
knowledge did not restrict me from exer- 
cising my “right’’ as a hunter—that is, the 
right of taking a few liberties with the 
truth. 

When I was asked by my fellow hunters, 
“How far did you lead it?” specific an- 
swers came easily, since the question was 
usually asked after a particularly beautiful 
shot. The funny feelings that came over 
me when I quoted these “authoritative” 
answers finally got the best of me, so I de- 
cided I would try to find out how far I 
actually lead birds, that is, when I hit 
them. 

While deriving the formula for lead, I 
could not help remembering my teaching 
days and how I sometimes groped to find 
satisfactory application problems for the 
practical-minded students. This problem 
impressed me as one that would have 
“reached” a great many students who, 
when trying to solve it, would have 
learned, or acquired experience with, 
several of the fundamental techniques so 
valuable in solving all types of practical- 
application problems. I thought that you 
might agree that the problem would have 
the same value to your students today, so 
I decided to present it. 
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The entire solution to this simple prob- 
lem is presented not because it is unique or 
clever nor to save you the time and effort 
required to solve it yourself, but to demon- 
strate the fundamental techniques I have 
referred to as so important in practical 
problem-solving. The solution as set forth 
in the article is also useful if you decide to 
assign this article to your students as out- 
side reading. Because of this possibility, I 
have included a few interesting, but un- 
solved, exercises. 


THE PROBLEM 


It is obvious, at least to hunters, that 
there are several factors determining the 
lead one should apply to a bird in flight. 
To arrive at a meaningful answer, we have 
to account for all of these factors. We do 
this by making certain assumptions, and 
we make them with care. Of course, when 
we make these assumptions, we are really 
trying to understand or form the problem 
—for without them, we have no problem. 

We know intuitively that the lead de- 
pends on how far the bird is from us when 
we shoot at it, his flight path, his flight 
angle, his size, and, of course, his velocity. 
Also, obviously involved are the variables 
of the weapon and shell—shot path, shot 
velocity, and shot-pattern size. 

Analyzing these variables one by one, 
we can see that all but two can be easily 
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Figure 1 


expressed. These two—the path of the 
bird and the path of the shot—deserve 
more attention. Knowing that birds may 
fly in an infinite number of paths, we are 
inclined at this point to forget the whole 
thing! A moment’s thought, however, 
coupled with a little hunting experience, 
tells us that if we are hunting with a gun 
(and most of us do), the bird does not fly 
very far between the time we pull the 
trigger and the time the shot hits him. 
This helps, for if his flight path is short 
enough—say a few feet—we can closely 
approximate it with a straight line. And 
too, if the bird is within gun range, the 
flight path of the shot can also be repre- 
sented with a straight line without seri- 
ously affecting the accuracy of our answer. 
The problem takes shape. With the help 
of a more concise statement of our assump- 
tions and a sketch, it should be in true 
focus. (See Figure 1.) Let us say then 


1. The bird is a very small object at a 
distance of d feet (d}>gun range) from 
the hunter, or, more precisely, from 
the shell in the hunter’s gun. (The 
bird’s size obviously helps determine 
lead, but, since it complicates the prob- 


lem without adding much to the answer, 
we will neglect it throughout the solu- 
tion and assume we have to hit him 
dead center.) 

2. It is flying at a velocity Vz in a straight 
line at some angle a measured from the 
hunter’s line of sight YS to the path of 
the bird SH. 

3. The shot from the gun travels in a 
straight line at velocity Vs, and (until 
we get to shotgun leads later on in the 
article) we will also say the shot charge 
or pattern is very small. 


If we let tg represent the time of flight 
of the bird after we pull the trigger (his 
flight time from S to H), and ts the time 
of flight of the shot (from Y to H), we can 
express the distances SH and YH respec- 
tively with the products Vgtg and V sts. 
Another sketch, Figure 2 on the following 
page, shows this. 

We are feeling up to our task now with 
all these “knowns.” With a triangle of 
three known sides and one known angle, 
we should be able to “whip out” quickly 
the answer to our original question. We 
would, too, if it were not for one small 
fact—we have forgotten to define lead and 
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that is what we are seeking! Of course, 
since we are trying to decide how much of 
it is necessary, it is essential that we know 
what “‘it’’ ts. 

Even more caution than that exercised 
in making our original assumptions must 
be exercised here in defining lead; other- 
wise, our final answer will only be aca- 
demic. Most hunters refer to lead as.‘‘the 
distance you point the gun in front of the 
bird in order to hit it.”” This sounds clear, 
but what is “the distance” and where is 
“in front of?” Is the distance SH, the 
bird’s flight path? No, because when the 
bird is going away (a= 180°) or coming in 
(a=0°), we know no lead is necessary, 
whereas SH is several feet. Then, what is 
lead? 

To the best of my knowledge, it is the 
“apparent travel distance” of the bird, 
that is, the perpendicular distance between 
the position of the bird (S) and our line of 
sight (YH) down the gun barrel when we 
pull the trigger. Said another way, it is one 
of the altitudes in AY SH. We hereafter use 
this definition as the correct one and de- 
note it by Z, which is shown on our final 
sketch. Point A and angle 8 have also been 
added for reference purposes in Figure 3. 

The analysis is over, so we can quickly 
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derive our expression for lead, provided we 
are familiar with a few operations and re- 
lationships from elementary algebra and 
trigonometry. 


THE SOLUTION 
Using the law of sines in AY SH, 
sine sing 


V ate sin @ 
Vsts Vats Vsts 








(1) 


and the definition of the sine of an angle 
in AYSA, 


L 
(2) sin i= or L=dsin 8, 
and substituting the value of sin 8 from 
(1) into (2), we get 
dV ptzp sin a 
(3) Becca 
Vsts 
Naturally, the flight time of the shot 
equals the flight time of the bird—that is, 
ts=tz, 
so our formula for lead becomes 
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This lead* is the lead a hunter would 
have to apply if the shot pattern was very 
small—for example, if the “shot pattern” 
was a rifle bullet. However, in order to hit 
moving birds, hunters have found it neces- 
sary to use larger shot patterns to help 
“cover up” their errors in lead. 


LEAD APPLIED TO SHOTGUNS 


Obviously, the true lead, or dead-center 
lead, expressed in formula (4) is always the 
proper lead, even for shotguns. But with 
shotgun areal patterns, there is a permissi- 
ble lead error. If we calculate the size of 
the shot pattern and combine the relevant 
part of it with true lead, we will get a 
formula for the lead necessary to hit birds, 
that is, a functional lead. To do this, we 
need to make a few other assumptions 
that can be found approximately correct 
by field-testing them. 

Let us say that the pellet pattern 
emerging from the shotgun is circular, ex- 
panding linearly as it travels outward. 
(Actually, the path it cuts out approxi- 
mates a right circular cone, but the pellet 
pattern at any instant is not circular be- 
cause the pellets are “strung out” in the 
direction they are traveling.) Assume also 
that at every distance within gun range, 
the pellets are evenly distributed and 
dense enough to hit the bird anywhere 
within the pattern. Then, the shot pat- 
tern’s radius at any distance V sts along 
the shot path will be kV sts, where k is a 
constant determined primarily by the 
choke of the gun and somewhat by the 
shell type. Since Vsts=d (not shown by 
the misleading, exaggerated scale in our 
sketches), the shot pattern’s radius is ap- 


* One must remember that there is a time-delay 
interval between the instant your brain tells your 
finger to pull the trigger and the instant your finger 
actually pulls the trigger. It also takes time for the 
firing pin to reach the shell after your finger pulls the 
trigger. Because of these delays, if a hunter stops his 
gun to shoot, a little extra lead will have to be added 
to the lead expressed in formula (4); otherwise, he will 
shoot behind the bird. However, if he uses the recom- 
mended follow-through technique and shoots while he 
is swinging with the bird, no extra lead is necessary. 


proximately kd. Adding or subtracting 
this permissible error to our dead-center 
lead, depending on whether we are under- 
leading or overleading the bird, we get the 
limits of functional lead (Z,) for shotguns: 
tim dVgsine 

Vs 

We can see that true lead gets larger 
with distance, but so does the pattern size. 
Is it possible that actual values of k—gun 
and shell constants—eliminate the neces- 
sity of lead altogether? The answer to this 
question and others is left to the reader 
and can be obtained by working the fol- 
lowing exercises. (Exercise 6 requires a 
little practical research for the gun hunt- 
ers; but, if they take their hunting seri- 
ously, they would probably want to do it 
anyway.) 


EXERCISES 


1. Do you have a better definition for 
lead? If so, derive a formula expressing 
it. 

2. If we assume the bird is in range and a 
shotgun is being used, when, if ever, is 
any lead necessary? (Eliminate the 
flight angle by letting a=90°, the angle 
which maximizes the lead.) 

3. Now, using your answer from Exercise 
2, determine how fast a bird has to be 
flying before you have to lead him at 
all if you are shooting a 1200-ft/sec 
shell, and your gun patterns this shell 
over a circle of diameter 4 ft. at a dis- 
tance of 30 yd. 

4. How many flight angles (a) require the 
same absolute lead? 

5. High-powered 12-gauge shells have a 
velocity of about 1000 ft/sec. How far 
should you lead (dead-center lead) a 
bird with this shell if it is 35 yd. away, 
flying at a 120° angle at a velocity of 
50 mph? 

6. Look up the velocity of the shell you 
normally shoot. Determine k for this 
shell in your gun. Using this Vs and k, 
see if you can find a value for lead that 
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will apply to nearly any bird you shoot 
on the wing. (Let d and Vz vary within 
reasonable limits.) 

7. Is our lead formula applicable to other 
similar problems—for example, to the 
lead a forward passer applies to his re- 
ceiver going down and out? 


CONCLUDING REMARKS 


This particular problem has several 
properties that should make it interesting 
to many students. First of all, it is about 
something in their everyday lives. Hunting 
and the leads to apply to birds are common 
topics around the school. 

For those students who hunt, the solu- 
tion to this problem seemingly answers an 
important question. Since trigonometry 
age is the usual age at which students be- 
gin to hunt, and since this problem is 
basically a trigonometry problem applying 
the law of sines, it would probably create 
the most interest if presented to a trigo- 
nometry group right after they study the 
law of sines. This time is particularly ap- 
propriate since it usually coincides with 
the hunting season. 

The most important property of this 
problem is its simplicity—it can be easily 
solved and completely understood. Un- 
fortunately, but necessarily, most text- 
book application problems deal with scien- 
tific topics unfamiliar to elementary math- 
ematics students. As a result, these stu- 
dents do not fully understand the answers 
to such problems, even when they solve 
them. Manipulative skills are developed, 
but the confident feeling that one experi- 
ences when he completely solves and 
understands a problem is not provided for. 
And, too, since he is not familiar with the 
scientific topic, the ‘‘application” problem 
may not convince him of the usefulness of 
mathematics. Many students, without this 
feeling of confidence and assurance of the 
usefulness of mathematics, cannot develop 
the interest and drive it takes to become 
an efficient problem-solver. 

I hope that by presenting my solution I 
have illustrated several important tech- 


niques which students will encounter when 
trying to answer the same question, that 
is, if you present it in word form and re- 
fuse to give any further assistance. Notice, 
for example, that I spent a lot more time 
and effort trying to understand the prob- 
lem than I did in actually solving it. This 
is often the case and should not be 
avoided, since it is something we have to 
do whether we want to or not. When stu- 
dents realize that understanding the prob- 
lem is often not part of the problem, but 
the problem itself, they will devote more 
time (as they should) to understanding. 

If you do give this problem in vaguely 
worded form, the way problems are 
usually encountered outside the class- 
room, students in trying to understand it 
will have to form their own assumptions 
and even their own definitions—realistic 
ones, too, if they want realistic answers. 
They will have to check their own solu- 
tions, which is also a desirable practice. 

When trying to set up realistic assump- 
tions and definitions, they will “discover” 
sketches, if they have not discovered them 
already. They will find that sketches, like 
equations, relate the variables, simplify 
the problem, and are, in general, wonder- 
ful problem-solving aids. 

Perhaps problems of this type would 
have to be assigned as outside elementary 
research to be reported on in theme form. 
If they were, another concept often over- 
looked in mathematics courses would be 
gotten across to the students. They would 
learn that writing a clear description helps 
clarify a problem to the writer as much as 
it does to the reader. By writing their an- 
swers in theme form, the students would 
also get valuable training in exposition. 

I realize that this problem is a special 
problem, but several other problems with 
similar properties probably exist. If a suf- 
ficient number could be recognized, solved, 
and catalogued, I think they would serve 
as invaluable teaching aids in a field that 
could stand them, especially if the future 
turns out to be as scientific tomorrow as it 
looks to us today. 
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Introducing proof 


with a finite system 


JOHN D. WISEMAN, JR., Tenafly High School, Tenafly, New Jersey. 


AN INTRODUCTION to high school geom- 
etry should include not only an explana- 
tion of the meaning of proof in mathe- 
matics but also examples of such proof. 
The examples chosen should be well within 
the experience of 10th-grade students. 
This suggests something from Algebra I, 
with which the students are most familiar. 

Proportions provide rather easy theo- 
rems as examples of proof and also an op- 
portunity to illustrate the modern mathe- 
matical point of view. The meaning of 
proof to be presented is that certain state- 
ments are selected and arranged in a se- 
quence of statements, that is, linked to- 
gether in a chain of reasoning, with the 
last statement the desired theorem.* This 
meaning of proof can be illustrated by the 
following theorem, known to the students 
as “alternating the means of a propor- 
tion’”’: 

ny N3 


1, —=— 1. Assumed 
No 14 


‘ Nin, Nye 2. Multiply by ne, and di- 








NN. NyN4 vide by n3 

ee 3. Dividing numerator 
—-=— and denominator by 
N3 4 


the same number 


* For a more complete statement of the meaning 
of proof, see: Myron F. Rosskopf and Robert M. 
Exner, “‘Modern emphases in the teaching of geome- 
try,” THe Matuematics Teacuer, L (April 1957), 
272-279. The pattern of proof used is the ‘‘Statement- 
Analysis” form presented in this article. 


Students should be taught to be curious, 


so they will ask the question, 
“Ts this all there is to the matter?”’ 


This proof, while not completely rigorous, 
should be adequate for the purpose stated. 
There are two other theorems that may 
also be used as examples, namely, “alter- 
nating the extremes of a proportion” and 
‘inverting a proportion.” 

These three theorems are enough to 
show students what theorems look like. 
However, neither the teacher nor the stu- 
dents should be satisfied with just this 
much information. Two basic questions 
remain unanswered: 


1. Are these all the possible theorems? 
2. How are these theorems related to each 
other? 


Securing answers to these questions and 
similar questions reflects the modern 
mathematical point of view. 

The answer to the first question is that 
the three familiar theorems are not all the 
theorems that can be proved. For ex- 
ample, the proportion 

1 4 


: 


may be changed into the following propor- 
tion: 
ee 


_S—— 


8 4 


and this is not one of the familiar theo- 
rems. Since each numeral has apparently 
been moved clockwise to replace the next 
numeral, this theorem may be called “a 
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proportion obtained by rotating a propor- 
tion.”’ Further investigation reveals that 
this theorem is not the only new theorem 
obtainable by “rotation.” If the preceding 
theorem is symbolized by “R,,’’ that is, 
rotation of one place clockwise, then the 
remaining theorems are ‘“R.,”’ rotation of 
2 places clockwise, and “F3;,”’ rotation of 
3 places clockwise. 

Thus, there are seven theorems about a 
proportion with the restriction that the 4 
numbers remain the same. These seven 
theorems are: R,, R2, R3, alternating the 
means (M), alternating the extremes (£), 
inversion (J), and reversing the sides of a 
proportion (S).* This completes the an- 
swer to the first question. 

Now what are the relations between this 
set of transformations on a proportion, 
that is, {Ri, Re, R3, M, BE, I, S}? First, let 
us consider only the changes involving ro- 
tation. To begin with, there is no reason 
why the rotation had to be clockwise, since 
it could just as well have been counter- 
clockwise. Such a rotation may conven- 
iently be symbolized as “‘R_,,”’ ““R_2,” ete. 
Now what happens if the numerals are 
rotated four places, either R, or R_4? The 
answer is, nothing, for the proportion re- 
mains the same. This suggests the sym- 
bol “Ro” with 


Ro = R, = R_4. 


What happens if the numerals are rotated 
5 places or more? Rs produces the same 
proportion as R;, Rs produces Re, and so 
on. 

Thus, there are just 4 rotations in this 
system: 


R,=R_; 
R2=R_2 
R3;=R_1 
Ry=R_4=Ro. 


More important yet is the fact that these 
four elements (rotations) together with 


* The symbol “‘S”’ is used since this is the sym- 
metric property of an equation, 


(followed by) the undefined operation, 
form a finite cyclic group. This is demon- 
strated as follows: 


1. Each rotation followed by a second ro- 
tation is equal to a rotation. For ex- 
ample, R, -R.=R3. (The symbol ren is 
read “followed by.”’) Thus, the system 
is closed. 

2. There is a unique identity rotation, Ry. 
Thus, R;-Ro=R,, for all 7. 

3. Each rotation has a unique inverse ro- 
tation. For example, R,-R_1=Rp. 

4. The operation “followed by”’ is associ- 
ative. This means, for example, 
R,(Re-R3) = (Ri- Re) Rs. 

. In addition, the system is a commuta- 
tive group, since R;-R;=R;-R; for all 
$, j. 


wy 


wt 


Next, what about the set of transforma- 
tions: {Ro, Ri, Re, R3, M, E, I, S}? This 
set, too, forms a group under the operation 
“followed by,” but the group is noncom- 
mutative. The reader may be interested in 
verifying, for example, that M-R,+R,-M. 
It is interesting to note that any pair of 
theorems which is equal to Re, or includes 
Ro, is commutative. Thus, M-R.=R,-M 
and M-E=R,=E-M. 

These equations provide interesting ex- 
ercises for students as well as excellent 
practice in handling symbols. This anal- 
ysis may also be extended to false propor- 
tions or inequalities. Briefly, the rotation 
of a false proportion is again a false pro- 
portion, and so on to produce another 
finite cyclic group. 

What is the purpose of going beyond 
the familiar theorems on proportions in 
this introduction to geometry? There are 
two purposes which correspond to the two 
questions asked in the beginning of this 
article: (1) Students should be taught to 
be curious, so that they will think to ask 
the question, “Is this all there is to the 
matter?” (2) Students should be taught 
how a mathematician looks at things in 
relation to each other. This means that 
students should at least be introduced to 
the concept of a group. 
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@ EXPERIMENTAL PROGRAMS 


Edited by Eugene D. Nichols, Florida State University, Tallahassee, Florida 


High school geometry 


via ruler-and-protractor axitoms— 


report on a classroom trial 


Max 8S. Bell, University of Chicago, Chicago, Illinois 


There is considerable talk these days 
about curriculum “reform’’ in secondary- 
school mathematics. From our past ex- 
perience, however, we can infer that such 
reforms will be very difficult to implement; 
witness, for example, the stability of solid 
geometry as a semester course in the 
twelfth grade despite repeated recom- 
mendations over a number of years for 
change to something more fruitful and 
useful.* It seems obvious that it will take 
some years to effect any widespread re- 
vision of mathematics instruction and 
have this revision reflected in textbooks 
and “official” courses of study. 

In this situation, it would seem up to 
the individual mathematics teacher to 


* The unpopularity with students and the possible 
unfruitfulness of a semester course in formal solid 
geometry was suggested by a 1920 Commission of the 
College Entrance Examination Board. It suggested 
replacement of most of the proofs of solid geometry 
with work on mensuration, space perception, and 
appeal to imagination and suggested the possibility 
of combining this work with the plane geometry 
course. The CEEB provided an examination for such 
a unified course. W. R. Longley, in the Fifth Yearbook 
of the NCTM (1930), notes that this examination was 
almost never elected and comments on the need for 
“... rearrangement of the mathematics curriculum 
which will offer to the student in the last year of pre- 
paratory school a course which is more attractive 
than the present ones and which will better prepare 
them for continuing the study of mathematics in 
college.” The final report of the Joint Commission of 
the MAA and NCTM, published as the Fifteenth 
Yearbook of the NCTM (1940), recommends for the 


examine the courses which he now teaches 
to see what he can do about experiment- 
ing with the use of some of the suggested 
new materials within his courses as they 
are now organized. Furthermore, such ex- 
perimentation is altogether a necessary 
thing in order to develop a backlog of 
materials that have been tried in the 
classroom and that have been tested for 
suitability (or unsuitability) for  sec- 
ondary-school students. Without a back- 
log of such experimentation there is some 
danger that the much touted curriculum 
“reform’”’ may merely consist of replacing 
the unsuitable parts of today’s curriculum 
with equally barren material. 

Thanks to an appointment to the 1957- 


twelfth year ‘‘...a unified course from the fields of 
advanced algebra, solid geometry, analytic geometry, 
trigonometry, and differential calculus,’’ with the 
“core,”’ or main emphasis, being advanced algebra. 
(Note that the recommendation did not envision 
abandoning solid geometry completely, but had the 
modest aim of abandoning it as a full-semester course 
and improving the twelfth-grade offering.) Yet, a 1953 
report from the U.S. Department of Health, Educa- 
tion, and Welfare (Bulletin No. 5, 1953) reveals that 
where a twelfth-grade course was offered at all, it was 
almost certain to consist of separate one-semester 
courses in trigonometry and solid geometry. The July, 
1956, Bulletin of the California State Department of 
Education shows at that time 308 California high 
schools offering trigonometry, 238 offering solid geom- 
etry (compared with 447 schools offering plane 
geometry), and a very few schools offering other kinds 
of twelfth-grade mathematics courses. This was prob- 
ably typical of the rest of the country. 


Experimental programs 353 


ota 


= Sere ae 


ESE Sc ee 


os FRR SO 


SASS 


the 


oS is: 


ae ee es ee es 


Se ee se 


EEE SS ee ee ke oe 


oe eae 


pe roe mt 





58 University of Chicago Academic Year 
Institute for High School Mathematics 
Teachers, the author had the opportunity 
to carry out an examination of the plane 
geometry course as he has taught it for 
several years. As a result of this examina- 
tion and the weaknesses it revealed in the 
traditional course, another approach was 
formulated and teaching materials written. 
These materials were used experimentally 
during the 1958-59 school year. This 
paper has been written in the belief that a 
description of this investigation might be 
of some interest to teachers of mathemat- 
ics. The approach adopted is being cur- 
rently advocated as a replacement for the 
traditional “Euclidean” course. The 
SMSG geometry materials, for example, 
use a variation of the approach described 
here. 

In making an investigation of this type, 
the teacher of geometry is confronted with 
a number of different and often contra- 
dictory statements of the purposes and ob- 
jectives of the plane geometry course. A 
currently popular view, for example, is 
that one of the primary aims ought to be 
the development of “reasoning in life sit- 
uations.”” But some people have seriously 
questioned whether it is really possible in 
a one-year course to do an adequate job of 
teaching ‘reasoning in life situations’’ 
without neglecting the geometric content 
or obscuring the use of deductive methods 
in mathematics. These people suggest that 
geometry is not the only place where 
students develop sound reasoning in life 
situations, nor necessarily the best place. 
Some have proposed to skirt this issue by 
making the “practical’’ uses of geometry 
the main emphasis and greatly de-em- 
phasizing deductive reasoning and “‘proof.”’ 
These people would rely primarily on in- 
tuitive understanding. Others have sug- 
gested cutting the traditional geometry 
down to the bare minimum needed for the 
introduction of analytic geometry, but 
others have strenuously objected to such 
an emasculation of traditional demon- 
strative geometry. 
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In considering these contradictory opin- 
ions, it is clearly necessary to make some 
choices. The choices made by the author 
of this paper and his frame of reference are 
summarized as follows: 


1. The two main emphases of the ge- 
ometry course should be: (a) the geo- 
metric content, i.e., the facts and rela- 
tionships of geometry; (b) the use of 
deductive methods as applied in mathe- 
matics. “Reasoning in life situations” 
may occasionally be brought up, but 
should not become the aim of the 
course. 

2. There are far too many values in the 
traditional synthetic course, especially 
with respect to the aims mentioned 
above, to revise it in the fashions ad- 
vocated either by those who would 
eliminate proofs in favor of intuitive 
understandings or those who would vir- 
tually eliminate synthetic geometry in 
favor of analytic geometry. 

3. The student in his study of geometry 
should have the opportunity to main- 
tain and extend his previously learned 
mathematical skills from arithmetic 
and algebra. He should gain apprecia- 
tion of the fact that arithmetic, al- 
gebra, geometry, and trigonometry are 
not separate and distinct, but that 
they are related in many fundamental 
respects. It should be noted here that 
the traditional course in geometry gen- 
erally fails to do this. 


In spite of the writer’s bias for retention 
of some kind of ‘‘demonstrative’’ geometry 
with the usual structure of axioms and 
theorems, careful investigation of the 
traditional course forced him to decide 
that the traditional course is seriously de- 
ficient in several respects. Some of these 
faults are related to the organization of 
the course, including the vast number of 
theorems required by most courses of 
study. These theorems seem mainly to 
make the game of proof tedious and 
repetitious, to obscure the role of logic in 
the development of the course, and to en- 
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courage memorization of theorems and 
proofs. Other and probably more basic 
faults are related to the almost fanatic 
adherence in the traditional course to the 
so-called Euclidean tradition. This tradi- 
tion handicaps the student with a treat- 
ment of the foundations of geometry that 
is quite inadequate from mathematical 
and pedagogical standpoints. In support 
of this contention, consider the following 
points: 


1. George D. Birkhoff and Ralph Beatley 
wrote in 1930: “The traditional ap- 
proach to demonstrative geometry in- 
volves careful study of certain theorems 
which the beginner is eager to accept 
without proof and which he might 
properly be led to take for granted as 
assumptions or postulates. Such an ap- 
proach obscures at the very outset the 
meaning of ‘proof’ and ‘demonstra- 
tion.’ The employment of superposition 
in some of these theorems is even more 
demoralizing. This method of proof is 
so out of harmony with the larger aim 
of geometry instruction that despite its 
validity its use is commonly restricted 
to those few cases for which no better 
method can be found. [1]t 

2. The “Euclidean” presentation ignores, 
or does not admit as valid, considera- 
tion of “measurement” of line segments 
or angles. The emphasis is put on un- 
marked instruments, and the preten- 
sion is made that measurement does 
not exist—at least until fairly late in 
the course. Such an approach flies in 
the face of the student’s intuition and 
experience. 

3. Until fairly late in the usual course no 
use is made of the very powerful arith- 
metic and algebraic techniques in which 
the student at this level is presumably 
well trained. Yet most of the ‘“‘assump- 
tions” listed by the standard text for 
operation with the “things” of geome- 
try, i.e., unmeasurable line segments 


t Numbers in brackets refer to references given at 
the end of the article. 


and angles, are really disguised versions 
of the rules for operations within the 
real number system! Thus geometry is 
made to seem like a completely separate 
discipline with no connection whatever 
with the mathematics learned earlier. 
The student’s other mathematical skills 
are allowed to deteriorate and be for- 
gotten so that when algebraic methods 
are finally admitted and used late in the 
course, it is generally necessary to take 
time to review and reteach much of the 
algebra that has been previously taught. 
Incidentally, in this review it is usually 
a revelation to the students to learn 
that algebra is also a mathematical 
system with axioms and theorems! 


. We cannot even defend the present 


treatment with argument that it is the 
Euclidean treatment that has sufficed 
for thousands of years and is an ex- 
ample of a perfect, logical system. In 
the first place, the conventional treat- 
ment is not “Euclidean,” as even a 
casual comparison of it with Euclid’s 
Elements makes obvious. In the second 
place, Euclid’s treatment has been 
shown by later investigators, e.g., Hil- 
bert, to have serious errors and omis- 
sions in its logical structure. The pres- 
ent textbooks dispense with most of 
Euclid but retain the errors and omis- 
sions. 


. Present textbooks seem unable to give 


any sensible treatment to that old bug- 
aboo of ‘the incommensurable case.” 
Since Euclid did not possess the tools 
of arithmetic and algebra (which all 
our geometry students now have), he 
was able to handle this only by an ex- 
ceedingly shrewd definition of propor- 
tion which is considered too difficult for 
secondary-school pupils. The practice 
of present texts is to prove theorems for 
the commensurable case and “assume” 
that they will then hold for the in- 
commensurable case. But if it is men- 
tioned at all, it can hardly be considered 
as exceptional because the incom- 
mensurable case is relatively much 
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more common than the commensur- 
able. The treatment of the foundations 
that will be outlined later in this paper 
suggests a satisfactory way out of this 
dilemma. 


If we accept the validity of the foregoing 
arguments against the conventional treat- 
ment, what shall we use to replace it? 
Felix Klein, in 1900, gave us a clue in his 
Elementary Mathematics from an Advanced 
Stand point. [3] After a discussion of a treat- 
ment of plane geometry via rigid motions 
which is logically complete, but probably 
too sophisticated for the secondary-school 
learner, he suggests another approach. 


1. We begin, just as before, with the introduc- 
tion of points and lines and theorems concern- 
ing their connection, order, and continuity. 
(These theorems include such things as 
“There is one and only one straight line 
through two given points.’’) 

2. By the side of these—and this is new here— 
we assume the new fundamental notions, on 
one hand, of the distance between two points 
(segment), and, on the other hand, the angle 
between two lines; and we set up axioms con- 
cerning them which state, in effect, that seg- 
ments and angles can be measured by num- 
bers in the customary manner. 

3. Here the first congruence theorem appears as 
the following characteristic axiom, which 
really replaces the axioms of the group of mo- 
tions: If two triangles have two sides and the 
included angle respectively equal, they are con- 
gruent, i.e., they are equal in all their parts. 

4. For the rest, the procedure is opposite to that 
in our first development (via rigid motions). 
It is customary first to prove the Pythago- 
rean Theorem, and then to introduce the 
trigonometric functions cosine and sine. From 
this beginning, the same analytic apparatus 
is finally derived that we have stated. 

5. In this process it becomes necessary to set up 
another axiom which is very important con- 
cerning the theory of parallels . . . we postu- 
late that there is only one parallel through a 
given point to a given line. 

An approach that is somewhat similar 
to the one just described has been devel- 
oped in some detail by George Birkhoff 
and Ralph Beatley. This is the exposition 
that was most influential in shaping the 
approach described here. It was first pre- 
sented in a form intended for teachers of 
geometry in the Fifth Yearbook of the 
National Council of Teachers of Mathe- 
matics in 1930. [1] A course of study based 


on this exposition was taught as an exper- 
mental course through the thirties and was 
published as a high school text in 1940. [2] 
Unfortunately, it did not catch on and 
went out of print. This approach can be 
best described in the author’s own words, 
so we will quote briefly from their Fifth 
Yearbook article. 

. we take for granted at the outset the no- 
tion of number and assume that the student is 
capable of making simple computations by 
means of number. Also we admit the self- 
evident fact of linear and angular mensuration 
and scale drawing; that is to say, we accept the 


simple facts familiar to any boy or girl who 
knows how to use ruler and protractor. 


Birkhoff and Beatley then list five 
“Fundamental Principles” which in ef- 
fect postulate the validity of linear and 
angular measurement and side-angle-side 
similarity of triangles. The use of a simi- 
larity axiom (SAS) to replace the con- 
gruence axiom and the parallel postulate 
is the main difference from the Klein ap- 
proach just described. The authors then 
use their five fundamental principles to 
prove six “Basic Theorems” that include 
side-side-side and angle-side-angle simi- 
larity (congruence is considered as a spe- 
cial case), the sum of the angles of a tri- 
angle is 180 degrees and the Pythagorean 
Theorem. From these theorems and their 
basic assumptions, they develop the re- 
mainder of geometry. They defend their 
system in these words: 

We have suggested a modification of Euclid 
in accord with psychological and mathematical 
ideas which, though commonplaces for us today, 
were not available to Euclid. This modification 
would at once simplify the subject and give it 
greater significance. ... 

In the first place, it is severely logical. In this 
respect it offers as satisfactory training as that of 
Euclid, and is much more direct. It lends itself 
admirably to explicit consideration of the place 
of undefined terms, definitions, and assump- 
tions in any chain of logical reasoning and leads 
to the development of those same habits, atti- 
tudes, and appreciations which all teachers of 
geometry claim for their subject. In the second 
place, it takes advantage of the knowledge of 
number and of linear and angular mensuration 
which the student possesses, and so does away 
with the feeling of artificiality which is inevi- 
table when seemingly self-evident propositions 
are ‘“‘proved.’’ in the third place, it leads very 
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naturally to the elementary facts of analytic 
geometry and makes it apparent in this way that 
geometry is really a self-consistent discipline 
whether or not such things as points, lines, and 
planes really exist. 

The writer of this paper is convinced 
that the approach outlined by Birkhoff 
and Beatley does have all the advantages 
claimed for it and more as well. It over- 
comes in elegant fashion virtually all the 
criticisms listed here for the conventional 
geometry course. Consequently, the Birk- 
hoff-Beatley point of view was adcpted in 
formulating the writer’s geometry pro- 
gram. The actual “text” presentation of 
the writer’s program differed, however, in 
several respects from the published text- 
book presentation of Birkhoff-Beatley. 
These differences will now be considered. 

The Birkhoff-Beatley text has been 
criticized by some because the postulates 
concerning measurement of angles and 
line segments implicitly require assump- 
tion of the axioms and theorems about 
properties of the real number system. Yet 
these are not explicitly stated for the stu- 
dent and, furthermore, the student is not, 
under present methods of instruction, ac- 
customed to thinking of the number sys- 
tem in this fashion. The writer of this 
paper has attempted to overcome this 
difficulty by first discussing the charac- 
teristics of deductive methods in mathe- 
matics generally, and then explicitly 
treating the real number system axioms 
and theorems as an example of a mathe- 
matical system in which deductive meth- 
ods are used. A lengthy formal treatment 
is not given. This part of the course merely 
lists the undefined terms, relies on the 
student’s intuition and experience in list- 
ing the axioms of the system (commuta- 
tive law, identities, etc.), and points out 
that from these few axioms and undefined 
terms the other laws can be deduced as 
theorems. The most important of these 
theorems are listed and a few are proved, 
e.g., (—a) (—b)=ab. Such an approach 
does double duty in that it gives the stu- 
dent in the very beginning a familiar ex- 
ample of what constitutes a deductive 


system, and it explicitly lists the proposi- 
tions about numbers that will be assumed 
in the treatment of geometry from the 
point of view described. 

Another difficulty with the Birkhoff- 
Beatley presentation seemed to be that in 
starting out with similarity students are 
forced to do the hardest things, from the 
beginning student’s standpoint, first. Yet 
this approach via similarity is certainly 
the most elegant one and, in the long run, 
the simplest one. The writer attempts to 
solve this dilemma by first stating the 
similarity propositions in terms of con- 
gruence, then offering a section of work on 
congruence. Thus the student has an op- 
portunity to become acquainted with 
geometric proof with the relatively simple 
examples provided by the congruence con- 
cept. The course then returns to these 
propositions in terms of similarity and 
points out that congruence is just a special 
case of this concept. The development 
from this point on follows that of Birkhoff- 
Beatley fairly closely. The similarity prop- 
ositions, along with the measurement 
postulates, are the keys that unlock the 
knottiest of geometric problems in a way 
easily understood by the student. 

The foregoing compromises had the 
effect of making it possible to use a stand- 
ard text as a source of much of the prob- 
lem material, although the order of prop- 
ositions in the writer’s experimental course 
somewhat differs from a standard text. 
Many of the proofs are also different since 
they use the concepts we have mentioned. 
But it was possible to use the standard 
text along with the introduction described 
here for much of the work of geometry up 
to a unit on analytic geometry. This af- 
forded an altogether necessary saving of 
the teacher’s time. 

The other major innovation attempted 
was a substantial unit on analytic geome- 
try and proofs of theorems by analytic 
means. We note that the recommenda- 
tions of the Commission on Mathematics 
in this respect have been subjected to 
criticism by those who fear that demon- 
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strative geometry will be emasculated 
and made ineffective to provide room for 
the analytic geometry. These people 
rightly argue that there are too many 
values in demonstrative geometry to allow 
this to happen. The approach recom- 
mended here, in the opinion of the writer, 
effectively circumvents such criticisms. 
The economies achieved by the simplified 
and more powerful set of foundation 
axioms and the selection of the more im- 
portant theorems left ample room for the 
addition of analytic geometry without 
damaging the real values of demonstra- 
tive geometry. Furthermore, this set of 
axioms has built into it the essential con- 
cepts necessary for setting up a co-or- 
dinate system for analytic geometry. Thus 
economies of time are also effected in the 
presentation of the unit on analytic 
geometry. 

The course of study that developed 
from these deliberations is briefly out- 
lined as follows: 

1. Discussion of deductive methods and 
need for undefined terms, defined 
terms, axioms, and theorems. 

2. Review of the properties of the real 
number system under the usual opera- 
tions, putting it in the form of a de- 
ductive system such as we have de- 
scribed. 

3. Introduction of the axioms for the 
geometric system. As implied above, 
these differ considerably from the usual 
axioms because they assume the valid- 
ity of ‘‘measurement” of line segments 
and angles in terms of numbers and 
take as part of the geometric system 
all the previously listed axioms and 
theorems of the real number system. 
Side-angle-side similarity and con- 
gruence are assumed. 

4. Proof of a selected list of theorems 
covering the content of the traditional 
course. About forty theorems are 
given prominence in the text; others 
appear as exercises for the student. 
This part of the course follows the 
standard text quite closely, except that 
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similarity is treated early, just after 

congruence. Thus the essential founda- 

tions for the entire course are covered 
in the beginning stages. The axioms 
and theorems are: 

a) (Axiom) Principle of linear meas- 
ure: (1) To each pair of points there 
corresponds a distance which can 
be expressed as a positive number. 
(2) The points on a line can be 
numbered so that number differ- 
ences measure distance. 

b) (Axiom) There is one and only one 
straight line through two given 
points. 

c) (Theorem) Two lines can have at 
most one point in common. 

d) (Axiom) Principle of angle meas- 
ure: (1) To every angle there corre- 
sponds a number modulus 360. (2) 
To every number there corresponds 
an angle. (3) All rays from the same 
point can be numbered so that num- 
ber differences measure angles. 

e) (Axiom) Allstraight angles are equal; 
two rays that form a straight angle 
also form a line; and any line can be 
considered as a straight angle by 
marking a vertex point on it. 

f) (Axiom) (1) SAS congruence, (2) 
SAS similarity. 

g) (Theorem) (1) ASA congruence, 
(2) AA similarity. 

h) (Theorem) If two sides of a triangle 
are equal, then the angles opposite 
these sides are equal. 

zt) (Theorem) If two angles of a tri- 
angle are equal, then the sides op- 
posite these angles are equal. 

j) (Theorem) (1) SSS congruence, (2) 
SSS similarity. 

k) (Theorem) All points equidistant 
from the ends of a line segment, and 
no others, lie on the perpendicular 
bisector of the line segment. 

l) (Theorem) The sum of the angles 
of a triangle is 180 degrees. 

m) (Theorem) Through a point not on 
a line there is one and only one per- 
pendicular to the line. 
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TABLE 1 


SHAYCROFT PLANE GEOMETRY TEST—RAW SCORES 

















Experimental A | B | C | D | F 
Median 46 45 42 42 46 46 
Range 25-59 26-54 30-57 25-55 35-54 35-56 


n) (Theorem) The Pythagorean Theo- 
rem. 

o) (Theorem) Through a point not on 
a line, one and only one line can be 
drawn which does not meet the 
given line. 

5. The two-dimensional, co-ordinate sys- 
tem is introduced using the axiom on 
linear measure and the necessary the- 
orems proved in Section 4. The main 
concepts of analytic geometry are 
covered, including distance, slope, and 
midpoint formulas; criteria for paral- 
lelism and perpendicularity; various 
forms of the equations for lines; inter- 
section of lines; and special and general 
forms for the equation of a circle. Some 
theorems from plane geometry are 
proved by analytic methods, including 
the usual concurrence theorems for 
medians, perpendicular bisectors, and 
altitudes of a triangle. 

6. The course ends with a re-examination 
of the chain of axioms and theorems 
that make up the system. Certain the- 
orems that were considered too dif- 
ficult to prove in the beginning stages 
and were thus temporarily assumed 
(such as “the parallel postulate,’ SSS 
similarity, etc.) are proved as part of 
this reconsideration of the system. 

7. When appropriate throughout the year, 
concepts are extended to three-dimen- 
sional space, primarily by analogy and 
appeal to intuition. 


As to the outcome of the course in an 
actual teaching situation, no reader will 
be surprised to learn that the writer felt 
it quite successful. Certainly there were 
unexpected difficulties and sticky spots, 
but these were counterbalanced by other 


things that went better than he had hoped. 
One example is the consideration of al- 
gebra as a deductive system, another ex- 
ample is the ease with which pupils ac- 
cepted the axioms and the economies this 
introduced into the study of similarity. It 
proved to be a very efficient system—it 
was not at all difficult to cover the conven- 
tional material and still spend six weeks on 
the co-ordinate geometry and several 
weeks on other more or less optional 
topics. If the reader wonders whether the 
conventional material was really learned 
or, as is possible, merely sacrificed for the 
“new” material, the evidence of stand- 
ardized tests indicates that it was learned. 

The Shaycroft Plane Geometry Test 
was given to all six geometry classes in the 
school in the last week of the school year. 
The school is a comprehensive public high 
school in the San Francisco Bay Area. 
The “experimental group” was assigned 
on a purely random basis in the schedul- 
ing process, and certain test evidence in- 
dicates that it was about the same in 
composition as the other classes. The test 
data are given in Table 1. 

In such a limited experiment it is point- 
less to do statistical gymnastics and make 
claims on the basis of the figures, but 
there is an indication that the experi- 
mental group learned the conventional 
material at least as well as the other 
groups, even though they spent con- 
siderably less time on it. In addition, local 
tests indicate that the experimental group 
gained a good understanding of basic co- 
ordinate geometry. The experimental 
students also were probably able to main- 
tain and extend their algebraic skills and 
understanding. It is the feeling of the 
writer that with polishing, the system 
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would become even more efficient, thus 
leaving even more time for the numerous 
topics that can be profitably correlated 
with a geometry course. 

This paper has been concerned with one 
teacher’s examination of his plane geome- 
try course and his proposed solution to 
some of the inadequacies of the conven- 
tional treatment of that course. As stated 
at the beginning, much experimentation 
such as this is needed before proposed re- 
forms and proposed new materials become 
fixed in our mathematics curricula. 
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Books for Asian Students program 


Titles in algebra, geometry, trigonometry, 
and calculus are needed by Asian students and 
libraries. You may donate books in good condi- 
tion published after 1945 to The Asia Founda- 
tion’s book program. Please do not include 
mathematics books which contain mainly mate- 
terials applicable only to American students, 
such as dollar and cents calculations, taxes, and 
other American economic details. 

Books may be sent by educational materials 
rate post in packages under 70 pounds in weight. 
Ordinary cardboard cartons are adequate for 
packing. For bulk lots of books meeting the pro- 


gram’s criteria for date and condition The Asia 
Foundation will meet the shipping expenses. All 
shipments, and queries concerning procedures 
for bulk shipments, should be addressed to: 


Books for Asian Students 
21 Drumm Street 
San Francisco 11, California 


The Asia Foundation is a nonprofit, non- 
political organization established by private 
American citizens to strengthen Asian educa- 
tional, cultural, and civic activities with private 
assistance. 





Teaching machine research 


System Development Corporation (SDC) of 
Santa Monica, California has received an 
$88,283 grant from the United States Office of 
Education for research on the use of a computer- 
based teaching machine designed to select and 
organize educational material for high school 
students. 

Experimental evidence obtained will indi- 
cate whether automated teaching devices and 
materials will facilitate learning in the rote and 
conceptual aspects of high school mathematics. 
In addition, evidence will show whether such 
techniques are effective for students who have 
not been performing at a level considered pro- 
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portionate to their basic aptitudes and intelli- 
gence quotients. These underachievers will be 
compared with normal and overachieving stu- 
dents to see if the automated instructional ma- 
terials have benefited them more. 

In automated teaching, as with any other 
educational aid or technique, the quality of in- 
structional material is the most important con- 
sideration. SDC researchers believe that there 
is a great need to determine the effectiveness of 
different categories of self-instructional mate- 
rials for different groups of students and to study 
the relationships among these student-material 
variables in the actual classroom environment. 
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@ HISTORICALLY SPEAKING, — 


Edited by Howard Eves, University of Maine, Orono, Maine 


Arithmetic problems 175 years ago 


by Cecil B. Read, University of Wichita, Wichita, Kansas 


A commonly encountered criticism of 
present-day mathematics teaching is that 
we fail to take account of new develop- 
ments; it is sometimes said that a mathe- 
matician of the seventeenth or eighteenth 
century could step into the modern class- 
room and be competent to teach any of 
the subject matter. Without the necessity 
of agreement or disagreement with this 
point of view, it should be made clear 
that the statement does not imply (as 
sometimes seems to be assumed) that our 
textbooks and classroom presentations 
have not changed, or that there has been 
no revision of content material. 

The actual situation might be illus- 
trated by consideration of a course gen- 
erally considered as elementary, namely 
arithmetic. This would eliminate from 
our consideration questions of changes re- 
sulting from a combination of plane and 
solid geometry, introduction of new ma- 
terial, such as the concept of sets in an 
algebra course, inclusion of simple nu- 
merical trigonometry in an algebra or 
geometry course, “fused’’ courses, and 
the like. 

The author has in his personal library 
an arithmetic book published in London 
in 1780 and reprinted in Boston in 1786. 
Comparison with a few other arithmetic 
books of that period indicate that it is 
typical of such texts at that time. The title 
itself is intriguing. (See the accompany- 
ing photocopy.) Apparently, brevity of 
title, as evidenced by this and contem- 
porary works, was not considered meri- 
torious. 
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The range of content of this text seems 
much greater than is the case with current 
books. The first statement of the book is: 
“ARITHMETIC is the art of computing 
by Numbers, and has five principal or 
fundamental rules for its operation: viz. 
Notation, Addition, Subtraction, Multi- 
plication and Division.”’ After these topics 
are presented, there is a discussion of com- 
pound addition, subtraction, multiplica- 
tion, and division. Proportion is intro- 
duced under the headings ‘‘The rule of 
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three direct’? and ‘The rule of three in- 
verse,” and is followed by compound 
proportion. Among the topics not nor- 
mally found in present-day arithmetics is 
“Tare and Trett,” defined as “practical 
rules for deducting certain allowances 
which are made by merchants and trades- 
men in selling goods by weight.” (Trett is 
defined as an allowance of 4 lb. in every 
104 lb. for waste, dust, etc.) 

Topics which we currently would find 
in business mathematics (or even a college 
course in mathematics of finance) are 
treated in this book, in some cases quite 
extensively. Examples are simple and com- 
pound interest, commission, brokerage, 
buying and selling of stocks, discount, 
equation of payments, barter, single and 
double fellowship, and annuities. 

There is, as might be expected, exten- 
sive treatment of fractions (both “vulgar” 
and decimal). Arithmetical and geomet- 
rical progressions, permutations, and 
combinations are included—topics we 
would more likely currently find treated 
in an algebra text. Powers as high as fifth 
power, and extraction of roots as far as 
ninth root are included. Problems involv- 
ing exchange include many European 
currencies, for example, those of France, 
Venice, Spain, Portugal, Hambro, and 
Prussia. 

Even a casual examination of the book 
reveals many points on which it differs 
from arithmetic texts commonly used at 
the present time. There is not a single pic- 
ture, illustration, or diagram in the book. 
One is impressed by the extensive use of 
very large numbers. Numbers involving 
twelve to fifteen digits are not at all un- 
common. Again, there is little tendency to 
have answers to problems come out as in- 
tegers or simple fractions. In fact, the 
majority of the problems do not, as the 
student says, “come out even.”’ This may 
have some merit, for it seems that present- 
day students think it almost axiomatic 
that there is an error if the answer to a 
problem involves a fraction such as 
187/514. In view of answers as they ap- 


pear in many current texts, such a stu- 
dent can hardly be accused of failure to 
reason logically. (The engineer sometimes 
assumes the converse; if an answer to a 
problem encountered in his daily work is 
an integer, there is probably something 
wrong.) 

Something of the “flavor” of the text 
may be shown by quoting some problems, 
which not only shed light on prices and 
living and working conditions of the times 
but offer an interesting contrast to prob- 
lems in current arithmetics. With the 
exception of the old English letter ‘s,” 
these are presented as they appear. Since 
the author has found that sometimes 
students find it interesting to try to work 
these problems of former days, answers in 
some cases have been included. These are 
the answers as printed in the text; there 
is no guarantee of their correctness. 

It should be pointed out that the prob- 
lems reproduced are not a random or a 
representative selection, rather they are 
those which attracted the attention of the 
author as he examined the text. They are 
selected either to illustrate a particular 
point or because they seemed unusual. 
From this point of view they, without 
question, may form a biased sample. 
Nevertheless, the fact that many of these 
or their counterparts are not found in con- 
temporary texts may help to dispel the 
idea that mathematics, and particularly 
arithmetic, has been completely static for 
the last two or three centuries. 

How many minutes are there since the birth 
of Christ to this present year 1776, allowing the 
year to consist of 365 days, 5 hours, 48 minutes, 
58 seconds? Ans. 934085364 

Divide 558001172606176724 by 2708630425. 
Ans. 206008604 24/270 

Multiply 6247486495 by 27356. 

If 24 lb. of raisins cost 6s. 6d. what will 18 
frails cost, each weighing neat 3qrs. 18 lb? 

Shipped for Barbadoes 500 pair of stockings 
at 3s. 6d. per pair, and 1650 yards of baize at 
ls. 3d. per yard, and having received in return 
348 gallons of rum at 6s. 8d. per gallon, and 750 
Ib. of indigo at 1s. 4d. per lb; what remains upon 
my adventure? 

If 248 men, in 5 days of 11 hours each, dig 4 


trench 230 yards long, 3 wide, and 2 deep; in how 
many days of 9 hours long will 24 men dig 4 
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trench 420 yards long, 5 wide, and 3 deep? Ans. 
283 194/207 days 

What is the compound interest of 410 1. for- 
born 23 years, at 44 per cent. per annum; the in- 
terest payable half yearly? 

Bought 40 gallons of brandy at 3s. per gall. 
but by accident 6 gallons are lost, at what rate 
may I sell the rest, with 8 months credit, and 
gain upon the whole prime cost, at the rate of 
10 per cent. per annum? 

Express 6/7 of a moidore in the fraction of a 
pound. 

Extract the sursolid, or fifth root, of 3076828- 
21106715625. 

A labourer was hired for 40 days, upon this 
condition, that he should receive 20d. for every 
day he wrought, and forfeit 10d. for every day 
he was idle; he received at last 2 1. 1s. 8d.; how 
many days did he work and how many was he 
idle? 

How many oaken planks will floor a barn 604 
feet long and 33} wide; when the planks are 15 
feet long and 15 inches wide? Ans. 108 

Suppose the sea allowance for the commen 


men to be 5 lb’s of beef, and 3 lb’s of biscuit a 
day, for a mess of 4 people; and that the price of 
the first is 23d. per lb. and of the second 14d. 
now, if the ship’s company be such that the 
meat they eat cost the government 12 guineas 
per day, what must they pay for their bread per 
week? Ans. 35 1. 5s. 73d. 

Bought 120 oranges at 2 a penny, and 120 
more at 3 a penny, and sold them all together at 
5 for 2d. what did I gain or lose by the bargain? 

Divide 4637064283 by 57606. Ans. 80496 
11707/57606 

How many barleycorns will reach around the 
world, supposing it, according to the best cal- 
culations, to be 8340 leagues? Ans. 4755801600 

At half a guinea a week how many months 
board can I have for 100 1. 

If when the price of a bushel of wheat is 6s. 
3d. the penny loaf weighs 9 oz, what ought it to 
weigh when wheat is 8s. 23d. per bushel? Ans. 
6 oz. 13 dr. 

How many dozens of candles, at 5s. 2d. per 
doz. must be given in barter for 3 ewt. 2 qrs. 16 
lb. of tallow, at 37s. 4d. per cwt.? 


The International Colloquium 


on Differential Geometry and Topology 


in Ztirich and the celebration 


of the fiftieth anniversary 
of the Swiss Mathematical Society 


by Laura Guggenbuhl, Hunter College, New York, New York 


At the end of June, 1960, the Swiss 
Mathematical Society celebrated its fif- 
tieth anniversary at the Swiss Federal 
Institute of Technology and at the Uni- 
versity of Ziirich. In connection with the 
celebration, an International Colloquium 
on Differential Geometry and Topology 
was held under the chairmanship of H. 
Hopf. The Colloquium was sponsored by 
the International Mathematical Union 
and attended by more than one hundred 
mathematicians from many different parts 
of the world. 

After a few brief opening remarks on 
Monday morning, June 20th, by Professor 
Hopf, the program began with an address, 


“Vector fields on spheres and allied prob- 
lems,” by R. Bott. The program ended on 
Friday afternoon, June 24th, with an 
address, “Mappings of complex analytic 
manifolds,” by 8. S. Chern. At other times 
during the week, lectures were presented 
as follows: “Convexity in Grassmann 
manifolds,” by H. Buseman, “Homotopy 
and homology,” by B. Eckmann, ‘“Char- 
akteristische Klassen und ihre Anwen- 
dungen,” by F. Hirzebruch, “Einige 
neuere Ergebnisse in Differentialgeometrie 
und Topologie,’” by H. Hopf, “Trans- 
formations des variétés 4 connexion 
linéaire et des variétés riemanniennes,”’ 
by A. Lichnérowicz, “A survey of cobord- 
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ism theory,” by J. Milnor, “Quelques 
notions de base de la théorie des variétés 
différentiables,’ by G. de Rham, ‘The 
algebra of cohomology operations,” by 
N. E. Steenrod, and “Stabilité topologique 
des applications différentiables,” by R. 
Thom. 

About fifty additional shorter papers 
were presented in two different sections. 
Papers of mathematicians from Bucharest, 
who were unable to attend the Colloquium 
in person, were read by others. 

On Wednesday morning a memorial 
address was presented as a tribute to the 
late Professor J. H. C. Whitehead, who 
died in Princeton last Spring while on 
leave from the University of Oxford. 
Whitehead, son of the Bishop of Madras 
and nephew of the philosopher and mathe- 
matician, A. N. Whitehead, was born in 
India fifty-five years ago. Up until the 
day of his untimely death on May 8, 1960, 
he was planning to take an active part in 
the Colloquium. The address, which will 
be published in full in an early issue of 
L’Enseignement Mathématique, was pre- 
sented by his friend and former student, 
P. J. Hilton. 

On Thursday morning the Colloquium, 
upon the motion of Professor Hopf, voted 
to send a cable of congratulations to 
Maine to felicitate Professor Oswald 
Veblen on the occasion of his eightieth 
birthday the following day, June 24.* 

The closing session of the Colloquium 
on Saturday morning, which was at the 
same time the opening session of the for- 
mal celebration of the fiftieth anniversary 
of the Swiss Mathematical Society, took 
place in the large new auditorium of the 
Physics Building of the Swiss Federal 
Institute of Technology. The lectures at 
this session—which were those by G. de 
Rham and H. Hopf listed above—were 
intended for an audience not necessarily 
restricted to specialists. Many additional 
mathematicians, friends and members of 


* Later in the summer, members were deeply 
saddened to hear of the death of Professor Veblen 
on August 10, 1960. 


the Swiss Mathematical Society, at- 
tended this session. 

Undaunted by threatening skies, mem- 
bers embarked on Saturday afternoon for 
a delightful cruise on the beautiful Lake 
of Ziirich. One could not ask for a more 
ideal setting for a friendly opportunity to 
renew discussion of some points which had 
come up in the earlier days of the week 
and to meet members of the Colloquium 
in this somewhat less formal atmosphere. 
The ship sailed along the northern shore 
of the lake past beautiful lakeside villas, 
homes in the hills, and several poetic and 
historic spots, to Rapperswill, and then 
back to Biirkliplatz along the south shore. 
Refreshments were served along the way. 

The final meeting of the formal part of 
the program was held on Sunday morn- 
ing, June 26th, at the University of 
Ziirich. Professor Jecklin, president of the 
Swiss Mathematical Society, presided, 
and a number of musical selections were 
rendered by a quartette of wind instru- 
ments. An address, ‘““Mathématiques et 
Mathématiciens en Suisse (1850—1950),” 
was presented by Professor Plancherel, 
former president of the Society. Follow- 
ing the address, the rarely awarded dis- 
tinction of honorary membership in the 
Swiss Mathematical Society was con- 
ferred upon G. de Rham of Lausanne, J. 
Leray of Paris, and H. Whitney of Prince- 
ton. 

The proceedings of the week’s celebra- 
tion were brought to a close at a banquet 
at the lakeside Kongresshaus on Sunday 
afternoon, June 26th. Professor Eckmann, 
vice-president of the Society, served as a 
most cordial toastmaster, while repre- 
sentatives of many mathematical and 
educational organizations brought greet- 
ings and best wishes. 

Hotel accommodations for those who 
participated in the week’s activities were 
most comfortable and convenient. In most 
cases, members stayed in groups at various 
hotels in the central part of Ziirich, many 
within walking distance of the Swiss 
Federal Institute of Technology and the 
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University of Ziirich. In other cases, a 
short trolley ride would take one to the 
place where meetings were being held. 
Opportunities for discussion were ample 
and cordial, not only during the regularly 
scheduled discussion periods after the 
talks on the program, but also at the in- 
formal teas, coffee breaks, and social 
gatherings during the week. Others who 
had an active part in the preparations for 
the meetings were the secretary-treasurer 
of the Swiss Mathematical Society, Pro- 
fessor de Siebenthal, and Professor Kiinzi. 
C. J. Curjel served as secretary of the 
Colloquium. 

Many of those who made such generous 
contributions of time, thought, effort, and 
financial resources to the great success of 
this celebration and international Col- 
loquium remained completely anonymous, 
and the mathematicians who came from 
scattered and distant parts of the earth’s 
surface were quickly made to feel 
thoroughly at home. 

The Colloquium did not pass unnoticed 
in the daily press. No doubt a number of 
visitors were agreeably surprised by the 


extent of co-operation of the city’s leading 
newspaper, the Neue Ziiricher Zeitung. 
This newspaper found a large amount of 
space for three fairly technical articles: 
““Mathematische Fragestellungen im Gros- 
sen, Internationales Kolloquium iiber Dif- 
ferentialgeometrie und Topologie,”’ by 
Beno Eckmann, “Aspekte der heutigen 
Mathematick,” by Rudolf J. Hoesli, and 
“Die Schweizerische Mathematische 
Gesellschaft, 1910-1960,” by Eduard Fue- 
ter. 

The Commentarii Mathematici Hel- 
vetici was well represented by Professors 
J. J. Burckhardt, A. Pfluger, G. de Rham, 
M. Plancherel, P. Finsler, H. Hopf, F. 
Fiala, G. Vincent, H. Jecklin, and others. 
The presence of Professor Nevanlinna of 
Helsinki brought to mind the approaching 
International Congress of Mathematicians 
which will be held in Stockholm in 1962. 

It was a rare and deeply appreciated 
privilege to be at the celebration of the 
fiftieth anniversary of the Swiss Mathe- 
matical Society and at the 1960 Interna- 
tional Colloquium on Differential Geome- 
try and Topology in Ziirich. 


A brief history of mathematics in rhyme— 


the early Greeks to the seventeenth century 


by Marcella B. Krueger, Senior High School, Chetek, Wisconsin 


THE GREEKS, B.C. 


Through the math’matic maze we go 
To clinch the names we ought to know: 
The first we spot is Father Thales 

Who in 600 made the dailies— 
With pyramids and ships at sea 
He put the “why” in geometry. 


Then Pythagoras in 540, too, 
Made Bab’lonian triples look like new. 
Zeno, 450, watched the turtle’s track 
And wondered if he’d e’er get back. 


He stopped the arrow in its flight— 
Presaged math concepts infinite. 


Democritus, 410, went the limit— 
Cut the pyramid to see what’s in it! 
Socrates’ ace, Plato, was no fool— 
He founded the Athenian School. 
And Eudoxus (370) saved the Old 
Greek’s face: 
Proved the square root of two in its proper 
place. 
His incommensurable family was such a 
find 
It tickled the wits of Dick Dedekind. 
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While quadrature, trisection, and dupli- 
cation 
Seemed to demand a new creation— 
Hippocrates had, in 440, without distor- 
tion 
Reduced “duplication” to a duopropor- 
tion. 


While with cylinder, torus, and right 
circular cone, 
Archytas proved in 400 how it ought to be 
done. 
Menaechmus, 350, would be no man’s 
debtor 
And invented the conics to prove it much 
better. 


In 300 Euclid recorded the best, 
His own touch of genius cohered all the 
rest, 
And he gave to the world a most logical 
form 
To stop all the dolts at his pons asinorum. 


Earth measurements settled, minds 
pondered the moon, 
Aristarchus of Samos, Copernicus’ boon, 
In 287, not to be outdone, 
Actually measured the distance of moon to 
the sun. 


Archimedes of Syracuse, great teacher 
and sage, 
Proposed mathematics too keen for his 
age; 
For others less gifted had made him a 
clown 
By playing the scandal of King Heiron’s 
crown. 
His friend Eratosthenes, a Beta by 
birth, 
Developed the “‘sieve” and measured the 
earth. 


Apollonius followed, a third giant brain, 
Linked conic sections to the math’matic 
train; 
Ellipse, hyperbola, parabolic persuasion 
Explicitly determined by an equation. 
The 200’s ended, but 140 found 


Hipparchus’ eyes on the stars, his feet on 
the ground; 
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For trigonometry’s growth, as the his- 
tory records, 
Followed 360 degrees and his table of 
chords. 


Tue GREEKS, A.D. 


T’was Heron, near 50, who with Egyp- 
tian air 
Gave Greek geometry a practical flair; 
He measured everything under the sun, 
Took square roots to leave nothing undone 
While Diophantus’ untraditional man- 
ner 
Raised algebra’s “syncopated” banner. 


Menelaus’ studies of chords and spheres 
Were preserved by the Arabs, sound 
through the years. 
In 150 astronomy’s great Almagest 
Put Claudius Ptolemy up with the rest. 
Though Copernicus and Kepler replaced 
his views, 
His parallel postulate still is the news. 


Reflecting the date of Euclid, the great 
Pappus arrived to elucidate. 
For two centuries the commentators 
tried 
To keep the high flame of math’maties 
alive: 
Papa Theon and daughter Hypatia, too, 
While Proclus studied Eudemus anew, 
And Metrodorus (500) in epigram 
Is the best Greek source we have at hand. 
Boethius, the Roman, and Simplicius 
tend 
To the final chapter of a good book’s end. 


THE Hinpwus 


But the song couldn’t die, it just 
Moved East to the Aryabhatas. 
For Hindu trig and astronomy fine 
To the half-chord they aptly gave the 
name sine. 
Though zeros and numerals were used 
by a few, 
The place value of ten was certainly new. 


Brahmagupta’s quadratics new beauty 
achieved, 
With pulverizer method and roots nega- 
tive. 
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In operations arithmetic Mahavira was 
sly: 
To divide by a fraction, invert, and mul- 
tiply! 
He handled quadratics as well as the 
rest, 
But the square root of a minus he couldn’t 
digest. 


The algebra of Bhaskara was fine, we 
are told 
His proof in geometry was simply, ‘“Be- 
hold!” 
Ramanujan, in 1880, self-taught Hindu 
fine, 
Made interesting talk of his number line. 


THE ARABS 


The Arabians’ chief bid to fame 
Was made in the translation game. 

Al Khowarizmi moved along its way 
The best in algebra of his day. 

His algorisms changed the lists 
Of European abacists. 

His ciphers and zero won him high fame, 
He was first to call “al-jebr’’ by name. 


Tabit ibn Qorra, true to the trends, 
Translated Euclid and his friends; 

While Abu’l-Wefa, translator, too, 
Added tangent function to tables new. 

Abu Kamil, Al Khowarizmi rewrote, 
Al-Karkhi added a place-value note. 


Omar Khayy4ém, most original Persian» 
Geometrically solved the cubic equation. 

Nasir ed-din found, and none too soon, 
That trig has some merits of its own. 

So with the tables of Ulugh Beg 
We turn the page on the Arab’s day. 


Evrope, 500-1600 


The Dark Ages of Europe found cul- 
ture’s retreat 
To the Hindus, Arabs, and the few who 
could eat. 
We’ve mentioned Boethius, the Roman 
who 
Wrote mathematics texts in 500, too. 
Bede, 700, the venerable churchman, 
Worked on the calendar, computed by 
hand. 


Alcuin, 800, to assist Charlemagne 
Wrote puzzle problems of considerable 
fame. 
Gerbert, 1000, French student in Spain, 
Brought back the numerals, Hindu-Arabic 
by name. 
Near the year 1000 the translators be- 
gan 
To bring Moslem culture to the wakening 
land. 


Adelard of Bath, English monk, though 
*twas risky, 
Did a Latin translation of Al Khowarizmi. 
And Euclid’s Elements again share the 
honor 
In 1150 with Gherardo of Cremona; 
He Latinized ninety of Arabia’s best, 
Among which was Ptolemy’s great Alma- 
gest. 


Fibonacci of Pisa revived algebra still 
From Al Khowarizmi, through Abu 
Kamil. 
In Liber Abaci his creative bent 
Set him apart in his element. 


Oresme with his co-ordinate location 
Saved the fourteenth century from obliter- 
ation. 
Aquinas and Archbishop Bradwardine 
Wrote of continuous, discrete, large, and 
superfine. 


The fifteenth century saw the flame 
Of Greek mathematics revive again. 

The printing press and a new nation 
Built growing trades and navigation. 

Regiomontanus and Pacioli wrote 
Math texts of the “Summa” note, 

With many plans of multiplication 
And even traces of syncopation. 


Filippo Calandri’s printed essay 
Showed long division the modern way. 

The Cardane-Tartaglia altercation 
Aided the cubic situation. 

But the quartic, too, a jinx must be 
Until Ferrari found the key. 

Vieta, who left as Descartes came, 
Was the first of the French to the hall of 

fame. 
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BOOKS 


Applied Boolean Algebra, An Elementary Intro- 
duction, Franz Hohn (New York: The Mac- 
millan Company, 1960). Paper, xx +139 pp., 
$2.50. 


During these times of upheaval in the mathe- 
matics program there is danger that too much 
naiveté may become a part of secondary-school 
classroom practices. People with no more back- 
ground than that in the textbook they are using 
do not hesitate to go into topics of current math- 
ematical interest with their students. Such 
teachers speak of taking up “set theory” and 
“Boolean algebra” with their students. This re- 
viewer has often wondered whether such teach- 
ers ever help their students understand the 
reason for the importance of such theories to 
mathematicians. But the wondering is tempered 
with sympathy. Where would busy teachers find 
material that they can read and understand and 
study to acquire some depth in these theories? 
Insofar as set theory is concerned, there are 
many excellent references; but there has been no 
good elementary treatment of Boolean algebra 
until the appearance of Professor Hohn’s little 
book. In it one finds a careful, understandable 
development of the theory as well as many ap- 
plications. 

The book begins with a discussion of mathe- 
matical models and the relationship between 
them and the physical world. This introduction 
sets the stage for the formulation of the postu- 
lates for a Boolean algebra. The postulates are 
accompanied by comments that serve as ex- 
planations and interpretations. Only those con- 
sequences—theorems—of the postulates are de- 
veloped that will be useful in the applications 
that follow. Professor Hohn next proceeds to 
build a mathematical model of combinatorial 
relay circuitry. It turns out that “we may regard 
the set of all switching functions of n circuit 
variables as a Boolean algebra.’’ A following 
chapter presents Boolean algebra as a model of 
propositional logic. This chapter ends with a 
discussion of logic computers. There are through- 
out clear explanations on an elementary level so 
that a reader gains an excellent knowledge of the 
implications of the theory. The third chapter 
treats the Boolean algebra of the subsets of a 
set, and the fourth and final chapter takes up 
the problem of simplifying, or minimizing, repre- 
sentations of Boolean functions. 

Scattered through the chapters are exercises 
that enable a reader to see whether he has mas- 
tered the theory presented in preceding pages. 
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These exercises seem to be carefully chosen to 
have a nice balance between further extension 
of the theory and applications of the results in 


. the book. Anyone who studies Professor Hohn’s 


book will be able to do the sort of teaching that 
leads students to an understanding of the im- 
portance today of Boolean algebra and to an 
appreciation of the variety of areas of mathe- 
matics and electronics in which Boolean algebra 
has an application.—Myron F. Rosskopf, Teach- 
ers College, Columbia University, New York, New 
York. 


The Arithmetic of Computers (TutorText), Nor- 
man A. Crowder (Garden City, New York: 
Doubleday and Company, 1960). Cloth, 472 
pp., $3.95. 


Adventures in Algebra (TutorText), Norman A. 
Crowder and Grace C. Martin (Garden 
City, New York: Doubleday and Company, 
1960). Cloth, 350 pp., $3.95. 


One might characterize these books as ‘“‘ma- 
chineless teaching machines’’ because they rep- 
resent one type of programmed text materials 
Those familiar with the Skinner type of teach- 
ing-machine program will find that the “pro- 
gram’ of these books is structured differently 
from the more familiar sequence of completion 
items through which the learner passes regard- 
less of the correctness of his responses. In the 
TutorText series, the learner’s experience is in 
the following form. He first reads a short passage 
of text. This reading is followed by a pertinent 
question for which two or more answers are sup- 
plied (i.e., a multiple-choice question). Beside 
each answer is a page number. The reader 
chooses one of the answers and turns to the page 
whose number appears beside the answer. On 
the new page, he is told whether he has chosen 
correctly. If his response was incorrect, the na- 
ture of his error is pointed out and discussed and 
he is referred to the page from whence he came 
to try again. If his response was correct, the 
next step of the learning program appears on the 
new page, sometimes preceded by material to 
reinforce the correct response to the previous 
item with further explanation or discussion. 

The rationale for Crowder’s method (‘‘in- 
trinsic programming’’) focuses upon the use of 
feedback from the learner to control the com- 
munication process by which information is 
transmitted to the learner. By “branching’’ on 
the learner’s response, the program automati- 
cally speeds the learner through those areas 
with which he is already partially familiar or 
that he can learn readily, and causes him to 
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move at a more deliberate pace through those 
areas where he needs to work more carefully. 
Furthermore, when difficulty arises, appropri- 
ate corrective action is taken for the particular 
type of error that has occurred. 

One can take issue with the plausibility of 
the alternatives to the correct response in some 
of the items in the two books. Whether this is a 
really serious objection, however, is a complex 
issue, in view of the psychological dictum that 
the probability of a wrong response should be 
kept low at all costs. Nevertheless, one is led 
to doubt the assertion on the jacket blurb, “‘A 
TutorText makes it impossible for you to get to 
the end of the book without understanding it.”’ 

The Arithmetic of Computers deals with sys- 
tems of numeration related to our everyday dec- 
imal positional notation. Bases 2 and 8 receive 
primary attention, due to their importance in 
working with electronic digital computers. 

The first third of the book treats the topic of 
exponents and powers of numbers and provides 
an excellent elementary introduction to that 
topic. The middle third of the book introduces 
the octal (base 8) and binary (base 2) numera- 
tion systems and examines related problems, 
such as conversion from one base to another. 
The final third of the book treats binary arith- 
metic from a digital-computer-oriented point of 
view. 

Chapter summaries are supplied at the end 
of each chapter, and self-tests are included for 
each chapter (using an ingenious answer keying 
system that enables the student to check his 
answer to one problem without compromising 
the other answers in the key). These aids seem 
to be especially necessary for this type of treat- 
ment. On the whole, this book seems to ap- 
proximate very closely the ideal of self-teach- 
ability. 

Adventures in Algebra provides an interesting 
little excursion into elementary algebra of the 
type studied in a garden-variety high school 
mathematics course. It seems safe to assume 
that the book is not intended by the authors as a 
text for a standard high school course in algebra; 
hence it would seem pointless to dwell on the 
shortcomings of the book for that use. 

The main theme of the book is the generali- 
zation of the concept of number from the natural 
numbers to the integers, the rationals, and be- 
yond. However, nothing resembling a systematic 
treatment is undertaken. 

Probably the strongest point of the book is 
the manner of approaching the proofs of three 
theorems concerning, respectively, the non- 
existence of a largest prime, the formula for the 
sum of the first n natural numbers, and the ir- 
rationality of the square root of two. The learner 
is led deftly along the thread of proof in such a 
way that he is forced into a degree of personal 
involvement in the proof beyond that possible 
under any other known method of development. 
This alone is sufficient to make the book worthy 
of interest. 

The claim of true self-teachability for the 
entire book would seem to be a bit overopti- 


mistic. Nevertheless, the learning per unit time 
invested by the learner (and by the teacher, for 
that matter) would seem to be greater than for 
other media. (This could even turn out to be 
embarrassing, as the teacher who has supplied 
reasonably well-constructed self-teaching mate- 
rials to a bright student can testify.) The stu- 
dent may finish working through the text before 
the teacher has time to plan what to start him 
on next. 

If one were to choose between the two books, 
The Arithmetic of Computers would seem to be 
the far better buy. It evidences much better 
planning and organization; it is a more thorough 
treatment of its subject matter; and it seems to 
have a more clearly defined potential use. It can 
be used for enrichment purposes with little or 
no teacher effort, while it is difficult to see just 
how the teacher could make effective use of 
Adventures in Algebra in most school situations. 
The latter book also lacks the important chap- 
ter summaries and self-tests. 

Many teachers will find these TutorTexts 
represent one of the most exciting ideas since 
the printed page itself. The development of ade- 
quate programmed text materials may prove to 
rank in importance well ahead of, for example, 
the development of audio-visual aids as a mile- 
stone in educational progress. If, when judged 
by traditional textbook standards, these two 
programmed texts do not achieve perfection in 
all respects, they at least merit the attention of 
the teaching profession.—George A. Robinson, 
Hughes Aircraft Company, Fullerton, California. 


Elementary Statistics, Paul G. Hoel (New York: 

John Wiley and Sons, Inc., 1960). Cloth, 

vii +261 pp., $5.50. 

According to the author, “This book is de- 
signed for a one-semester course for the student 
whose background in mathematics is limited to 
high-school algebra.”’ Such a student, the author 
believes, should be taught through the simple 
classical ideas of sampling very thoroughly, 
rather than by attempting some of the more 
sophisticated modern notions. Some persons 
will argue that many of the modern ideas are as 
simple as the classical ideas, which at one time, 
no doubt, were thought extremely sophisticated. 

In spite of the limited mathematical back- 
ground assumed, the author has packed a good 
deal of solid information and some feeling for 
the underlying statistical ideas into this book. 
The author is a mathematical statistician rather 
than a member of those groups who produce the 
majority of elementary statistics books—the 
economists, the psychologists, and so forth. In 
spite of this, or because of this (according to 
one’s point of view), the fundamental ideas are 
clearly related to their applications. 

There are chapters on the nature of statisti- 
cal methods, the description of sample data, 
probability, theoretical frequency distributions, 
sampling, estimation, testing hypotheses, corre- 
lation, regression, the chi-square distribution, 
nonparametric tests, analysis of variance, and 
time series and index numbers. 
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Several features add to the usefulness of this 
book. There are a considerable number of good 
problems at the end of each chapter. Answers to 
odd-numbered problems are given at the end of 
the book. There are more tables of statistical 
distributions presented than in most books on 
elementary statistics—D. L. Burkholder, De- 
partment of Mathematics, University of Illinois, 
Urbana, Illinois. 


The Higher Arithmetic, An Introduction to the 
Theory of Numbers, H. Davenport (New 
York: Harper and Brothers, 1960). Paper, 
172 pp., $1.35. 


The subtitle seems to convey a better de- 
scription of this book than does the title. Per- 
haps the British (the author is a professor at the 
University of London) refer to number theory as 
higher arithmetic. Some historical material is 
included. Information about the men who for- 
mulated the major conjectures and their proofs 
and the dates of these events are an interesting 
part of this text. 

The early development of the natural num- 
bers, with some comments on the integers and 
rational numbers, features the associative, com- 
mutative, distributive, and order axioms, and 
mentions the word “set.” This brief review of 
more modern ideas and rare mention of them 
later in the text is in vogue; and it is perhaps 
the best way to lead into the author’s sub- 
ject. 

To discuss divisibility and primes, the au- 
thor gives a very clear, informal description of 
the method of mathematical induction. Then on 
page 16, he makes this rather surprising state- 
ment, “‘. . . it is possible to debate whether the 
principle is in the nature of a definition or a 
postulate or an act of faith.’”’ With the addition of 
the well-ordered principle to his list of axioms, 
one can give a short indirect proof of the prin- 
ciple. If one does not choose to add this prin- 
ciple, he of course would postulate the principle 
of induction and then prove the well-ordered 
principle if desired. 

No exercises are included in the book. This 
would be a serious deficiency for use in a class- 
room as well as for independent study. 

In the introduction, the author recognizes a 
certain amount of mathematical maturity is re- 
quired to read this book. Even superior sec- 
ondary-school students would have to proceed 
at a deliberate rate. The concept of limit (page 
92) and the use of new symbolism seem to sug- 
gest college-level placement. An informal type of 
proof where one doesn’t dot each 7 and cross each 
t is utilized, leaving the reader to fill in the de- 
tails. The proofs are made much clearer by a 
discussion of what is to be shown and how this is 
to be accomplished. Numerical illustrations are 
given occasionally to illustrate the principles and 
show how they can be applied. 

Among the many instances where this book 
is more complete and detailed than others, we 
find the concept of linear dependence used to 
prove that the highest common factor of a and b 





370 The Mathematics Teacher 


May, 1961 


can be represented as ax —by where a, b, x, y are 
natural numbers. Congruences of degree n are 
discussed and solved by the factoring method 
which relates nicely to the solution of poly- 
nomial equations of degree n in a college algebra 
course. It is further shown that such congruences 
cannot have more than n solutions in contrast to 
having exactly n solutions as an equation. 

The reviewer found the section on continued 
fractions, which is sometimes not included in the 
newer texts, interesting. This section shows an- 
other application of the Euclidean algorithm. A 
very complete description of the types of in- 
tegers that can be expressed as the sum of two, 
three, or four squares is included. A clear and 
brief discussion of Diophantine equations is 
given. The reviewer felt that perhaps the section 
on quadratic forms could have been replaced by 
material concerning indeterminant problems. 

This book would provide a teacher with a 
clear and readable summary of the research on 
number theory. It would be a valuable text for 
a college-level course if it were supplemented 
with appropriate exercises.—Charles R. Stegmeir, 
Lyons Township High School, Lyons, Illinois. 


Introduction to Modern Algebra, Official Textbook 
for Continental Classroom, John L. Kelley 
(Princeton, New Jersey: D. Van Nostrand 
Company, Inc., 1960). Paper, x +338 pp., 
$2.75. 


This book is concerned with axioms for the 
real numbers, elementary concepts of sets and 
statements, vectors as ordered pairs and ordered 
triples of real numbers, complex numbers as 
ordered pairs of real numbers, the algebra of 
vector spaces, and matrices. Applications of each 
concept are made to a variety of problems, in- 
cluding many problems normally considered in 
high school. The point of view is that of abstract 
algebra; the scope of topics includes many items 
that high school teachers think of as geometry. 
In this sense, there is an emphasis upon the in- 
terrelations of algebra and geometry. 

Theorems and proofs are emphasized through- 
out the book. Figures and illustrative examples 
are used freely. Almost all of the 47 sections have 
individual sets of problems—some routine and 
a few sophisticated. Solutions for nearly all of 
the problems and some commentary upon the 
text are given in a Manual which is restricted 
in its circulation primarily to teachers using the 
text in their classes. This teacher’s manual and 
a small student’s manual are also published by 
D. Van Nostrand Company. 

The book is designed for a first-year course 
in a liberal arts college program or for high 
school students in an accelerated program. 
Teachers may use the book to increase their un- 
derstanding of several of the newer concepts 
recommended for inclusion in school mathe- 
matics curricula. In doing this, however, teach- 
ers should recognize that the presentation and 
often the vocabulary in the book may be quite 
different from that needed in secondary schools. 

The book should properly be considered as & 
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preliminary edition with very many “rough 
spots” arising from the necessity of production 
on a strict schedule. Several improvements have 
been made by the author in his TV presenta- 
tions (especially in Sections 12, 23, 24, and 30); 
others will be made as soon as there is an oppor- 
tunity to do so. Also, several items which seem 
“unfortunate” in relation to the needs of teach- 
ers may appear acceptable in an introductory 
course for college freshmen or in a refresher pro- 
gram for people whose mathematical training 
has lain fallow for several years. 

Teachers using this book as a basis for 
“modernizing” their own courses are urged to 
modify the treatment in at least the following 
respects: (1) Make a careful distinction be- 
tween a function and its graph. (2) Define and 
use equivalent vectors. (3) Distinguish between 
points and vectors to avoid dual use of symbols, 
as in Definition 18.3. (4) Emphasize the domain 
under consideration at all times and in partic- 
ular for the solution of a quadratic equation 
over the set of real numbers on p. 175, over the 
set of complex numbers on p. 219. (5) Recognize 
that a cone has two nappes (Section 28). (6) Re- 
place the term “complex multiplication’ by 
“multiplication of complex numbers” (p. 202 ff.). 
Similarly, replace the term ‘‘complex equations” 
by “equations with complex coefficients.” 

In its present form, the book is hard reading 
for teachers with modest training, but worthy of 
serious study for mathematics teachers with at 
least average training. High school students 
with special training or interest will find many 
topics interesting. The author has a fine sense of 
humor. The style of exposition is frequently 
easy going. Each reader will find many prob- 
lems of special interest—Bruce E. Meserve, 
Montclair State College, Upper Montclair, New 
Jersey. 


Modern Mathematics, An Introduction, Samuel 
I. Altwerger (New York: The Macmillan 
Company, 1960). Cloth, xii+462 pp., 
$6.75. 


The phrase “modern mathematics’ can 
mean two distinctly different things. It can mean 
mathematical topics developed in the twentieth 
century or it can mean traditional mathematics 
developed from a twentieth-century point of 
view. In recent years there has unfortunately 
been too much trafficking in ‘‘modern’’ topics 
and “modern” terms. The result in too many 
instances has been a distorted picture of modern 
mathematics from either of the above points of 
view. 

This reviewer believes that it is high time 
that textbook writers be called to task for any 
misuse of either words or topics. Since there are 
essentially no mathematical topics developed in 
the twentieth century included in this book, it 
must be assumed that Modern Mathematics, an 
Introduction is to be judged as a treatment of 
traditional mathematics from a twentieth-cen- 
tury point of view. 


Certainly some of the salient features of such 
a development should be clarity of ideas, careful 
use of language, a feeling for the abstract nature 
of mathematics, and insight into the deductive 
and sequential nature of mathematics. It seems 
to this reviewer that the book falls short in all of 
these features. Here are some examples which 
illustrate this shortcoming. 

Page 5: “A system involving five as a base 
has only five distinct symbols.”’ (Careful use of 
language?) 

Page 8: The five fundamental assumptions 
of arithmetic are given—no mention of order is 
made. (Sequential nature of mathematics?) 

Page 35: We are given a proof of a theorem 
with one of the reasons cited being the “‘postu- 
late of identity,” yet this reviewer could find no 
such postulate. (Deductive nature of mathe- 
matics?) 

Page 49: We are told that ‘‘Irrationals with 
different radicands cannot be added or sub- 
tracted.” Isn’t /2+ 4/3 a real number? (Care- 
ful use of language?) 

Page 60: We are told, essentially, that all 
there is to Dedekind’s definition of a real number 
is the construction of two disjoint sets. The real 
problem is of course to show that these cuts 
behave like numbers—but no mention of this. 
(Clarity?) 

Page 106: We are told that “‘A set of paired 
values is known as a function.” (Careful use of 
language?) 

Page 151: We are told that from the de- 
velopment of non-Euclidean geometry came 
“the notions of the relativity [sic!] of postu- 
lational thought.” (Abstract nature of mathe- 
matics?) 

Page 171: We are told that ‘‘p/Aq is true 
only when 7 is true and q is true.’”’ Yet it seems 
that “only when” depends upon implication 
which is first presented on page 175. (Sequential 
nature of mathematics?) 

Page 214: We are told that, given z=10" 
and z=e", “to solve these for y, we need both a 
name and a symbol.’”’ It would, indeed, be com- 
fortable if solutions depended only on names 
and symbols. (Clarity?) 

Page 323: We are told that ‘‘The rate of 
change at a point is often referred to as the 
instantaneous rate of change which is suggestive 
of the intent although the time factor is not 
necessarily in the picture.’”’ (Abstractness?) 

There is also a constant shifting of point of 
view which is confusing to the reader. For ex- 
ample, the trigonometric ratios are introduced 
as functions, then they are treated as numbers, 
then they are treated as functions, and then 
they are treated as numerical constants. 

It seems to this reviewer that it is possible 
that a series of very beautiful and inspired lec- 
ture notes was transcribed to make this text. 
But it remains a fact that there is a substantial 
distance between a set of lecture notes—how- 
ever inspired—and a good text.—Morton R. 
Kenner, Southern Illinois University, Carbon- 
dale, Illinois. 
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The Number Story, Herta Taussig Freitag and 
Arthur H. Freitag (Washington, D.C.: The 
National Council of Teachers of Mathe- 
matics, 1960). Paper, 76 pp., 85¢. 


Through the ages, man has gradually de- 
veloped number ideas, he has observed, noted 
relationships, and endeavored to prove conclu- 
sively the general nature of ideas developed. In 
this monograph, the authors have presented 
some of the high lights in this story of the evolu- 
tion of number from the first steps taken by pre- 
historic man to the mathematics of our present 
day. The historical development of the growth 
of number notions in regard to natural numbers, 
fractions, zero, and negative numbers, irrational 
numbers, and complex numbers is briefly pre- 
sented. The authors also give a somewhat in- 
tuitive mathematical development of this struc- 
ture. 

It is judged by this reviewer that many 
teachers of secondary mathematics and many 
capable students of mathematics will find this 
monograph readable and thought provoking. 
Some specific examples of topics included seem 
in order here. One section is concerned with high- 
lighting certain aspects of the historical develop- 
ment of the idea of recording numbers. Many 
teachers are generally familiar with the symbols 
and characteristics of several nonpositional and 
positional systems that are described. Some at- 
tention is given to base systems other than ten 
with reference to the use of a binary system 
of numeration in today’s society. A description 
of the historical development of methods of 
computation begins with the use of the abacus 
as a type of counting machine. Early algorithms 
are described, such as halving and doubling, 
casting out nines or elevens, gelosia or lattice 
multiplication, the galley or scratch method, and 
Napier’s bones as a device for multiplying, di- 
viding, and extracting roots. Mention is made 
of the development of logarithms and of the 
idea of the automatic computer. Most readers of 
this monograph will know of other sources which 
also present these early means of computing. 
Ideas from the theory of numbers and some 
number peculiarities are presented. A procedure 
is developed for converting any nonterminating, 
periodically repeating decimal into a common 
fraction or mixed number, and an interesting 
discussion of converting irrationals into con- 
tinuing fractions is included. Some surprising 
connections between zm and the integers as found 
in the form of nested roots, infinite series, con- 
tinued fractions, and infinite products are men- 
tioned for the interest of the mathematically 
curious. The authors appropriately comment 
that the more abstract mathematics has become, 
the more widely its ideas have been applied. 

Illustrations are sprinkled throughout the 
monograph in the development of ideas selected 
for highlighting. Some readers will think of other 
ideas that might well have been included, while 
other readers may feel a need for a fuller de- 
velopment of some of the ideas that are in- 
cluded. Nevertheless, the reader will probably 
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receive inspiration from this brief glimpse into 
the beginning and extension of the concept of 
number to the more rigorous and generalized 
mathematical reasoning of today. This reviewer 
felt that a selected bibliography might well have 
been included to encourage further reading into 
the historical background for the various ideas 
mentioned in the monograph.—Frances Flour- 
noy, Department of Curriculum and Instruction, 
University of Texas, Austin, Texas. 


Supplementary Units in Contemporary Arith- 
metic and Elementary Algebra, Edwin I. Stein 
(Princeton, New Jersey: D. Van Nostrand 
Company, Inc., 1960). Paper, 75 pp., $1. 


Are you looking for materials to help you 
teach basic topics in contemporary mathematics 
to your secondary-school pupils? Do you need 
suitable units on systems of numeration? Graphs 
of inequalities? Sets and logic? This 75-page 
booklet was designed to serve just such needs. 

If your experience with contemporary topics 
in mathematics has been as a college student, 
you will be puzzled by the selection of materials 
suitable for students as young as seventh 
graders. Stein’s booklet helps you with your 
selection of appropriate topics and shows you 
how to present the mathematical concepts in a 
simple and understandable way. He has chosen 
only topics basic to experimental programs and 
generally recommended by committees on 
mathematics education. 

The author suggests that Supplementary 
Units in Contemporary Arithmetic and Elemen- 
tary Algebra is most valuable when incorporated 
in an elementary algebra course. It may, how- 
ever, be used on the seventh, eighth, or ninth- 
grade levels, either integrated with the tradi- 
tional content or used as supplementary topics 
in a regular course. It can accompany any text- 
book. You will find the booklet easy to use, with 
a good table of contents and index, an attractive 
arrangement of materials on the page, and the 
eye-catching device of heavy, black type for im- 
portant words. 

There are three units: Number and Its Prop- 
erties; Open Sentences, Equations and Inequal- 
ities, Sets and Logic; Graphs. In the first unit, 
students are introduced to the various number 
systems from natural to complex. The practice 
exercises, and there are an abundance of them, 
help pupils learn to recognize whether selected 
numbers do or do not belong to the various sys- 
tems. Further explanation helps students recog- 
nize even, odd, prime, and composite numbers. 
As motivation, the Sieve of Eratosthenes is dem- 
onstrated. 

An arresting section is the one on systems of 
numeration. After explaining how to change 
from one base to another, Stein follows with 
computations not only in the binary and duo- 
decimal system, as are usually included, but also 
computation in the ternary, quaternary, qui- 
nary, senary, septenary, octonary, and nonary 


(Continued on p. 377) 
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e TIPS FOR BEGINNERS 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan, 
and William C. Lowry, University of Virginia, Charlottesville, Virginia 


Finding illustrative examples and exercises 


by Dunstan Hayden, The Priory School, Washington, D.C. 


The alert teacher knows it is dangerous 
to construct examples and exercises purely 
at random. The results will frequently 
lack variety and interest and fail to mani- 
fest all the various possibilities. What is 
needed are formulas which will generate 
problems or examples in such a way that 
the teacher can predetermine the charac- 
teristics in question. A familiar example is 
the construction of quadratic equations in 
one variable. By working from the dis- 
criminant, b?—4ac, one can select coef- 
ficients which will make the roots real or 
complex, rational or irrational, and so on. 

It sometimes proves unexpectedly dif- 
ficult to create such formulas. The author, 


_ after repeatedly reaching the threshold of 


exasperation, has taken time to dispose of 
some of his own bétes noires. Fellow- 
sufferers may find the results of some in- 
terest. 


Situation 1. During algebra class you 
wish to make up and exhibit several 
linear equations and their graphs. You are 
not interested in their slopes. How can 
you do this with a minimum of computa- 
tion? 

A solution. Of course there are many 
ways of making up linear equations and 
their graphs. The following method has 
two things to recommend it: (1) it is ex- 
ceedingly rapid, and (2) it increases ac- 
curacy in making graphs on a blackboard 
quickly. 

Select two numbers, X and Y, as the z- 
intercept and the y-intercept. Draw the 


graph. The equation whose graph goes 
through (X, 0) and (0, Y) may always be 
written in the form Ya+Xy=XY. 
Example. Select —3 and +7 as 2-inter- 
cept and y-intercept, respectively, and 
draw the graph. The equation is 7z—3y = 
—21. Such an approach involves only one 
computation, finding the product XY. 


Situation 2. Students are learning to 
graph parabolas and you want their ex- 
ercises to include some “matching” para- 
bolas like those shown in Figure 1. You 
wish to find equations for such curves. 

A solution. In Cases I and II of Figure 
1, the upper parabola has been rotated 
180 degrees about the z-axis. If the orig- 
inal equation is y=az?+bx+c, then the 
equation of the new curve is y= —az? 
—bx—c. This should be no great surprise; 
for if (x, y) is a point on the first curve, 
then (x, —y) will be a point on the second, 


U 
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Figure 1 
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and (x, y) is the image of (z, —y) as re- 
flected in the z-axis. 

In Case III, the parabola y=az?+bzr+ce 
is rotated about the line tangent to its 
vertex. Remembering that the vertex al- 
ways has co-ordinates 


(= et) 
Se. 5 see 


one may deduce—the argument is omitted 
—that the two equations will be related as 
follows; 


y=az’?+br+ce 
and 


b2 
y= —az*—br——+. 
2a 


For example, if y=2z?—6z+58 is one of the 
equations, the other is y= —2?+6z—10. 

In Case IV, the parabola is rotated 
about any line y=n. This is a generaliza- 
tion and includes the first three as special 
cases. The equations—again without proof 
—will be y=az?+bx+c and y= —az?—bz 
—c+2n. If n=0, we are back to Cases I 
and II. If 

—b?+-4ac 
n=—————__) 
4a 

we are back to Case III. As a final ex- 
ample, let the parabola y= z?—8z+18 be 
rotated 180 degrees about the line y=3. 
The new equation is theny = —2?+8z—12. 

Situation 3. Some polynomials with 
fractional coefficients can be written as the 
product of three factors, the first being a 
fraction and the other being polynomials 
with integral coefficients. For example, 

2 5 3 


—— z?—-—2zr-— 


7 7 7 


can be written 
1 
> @-8)Gs+)). 
Suppose you want to make up factoring 


exercises along these lines. The example 
above is very simple because the de- 


nominators are all the same. You wish a 
method which will produce a diversity 
among the exercises. In particular, you 
want to be able to produce examples in 
which the three fractional coefficients have 
different denominators. 

A solution. If we choose fractional co- 
efficients at random, the resulting poly- 
nomial may not be factorable in the sense 
indicated above. If we start with a fac- 
tored form and choose the fraction and the 
integral coefficients at random, then in the 
resulting product it is likely that two or 
even all three of the denominators will be 
the same. What we are seeking is a suf- 
ficient condition guaranteeing that the de- 
nominators (after simplifying) will all be 
different. 

Suppose we adopt as a general schema 


1 
— («+b)(e+e), 
a 


with a,b, and ¢ distinct non-zero integers 
and a1. For a given number a, how are 
b and c to be chosen? We might make b 
prime relative to a, or a multiple of a, or a 
proper divisor of a, or at least have a fac- 
tor in common with a; and similarly for c. 
If we want the final three denominators 
all to be different from 1, then neither b 
nor ¢ should be a multiple of a. The reader 
may prove for himself that no combina- 
tion of the other relations mentioned will 
infallibly produce the desired result. So 
we switch to a broader schema, 


1 
- (ba+c)(a+d). 


Investigation of this product in the form 


b bd+c cd 
— 72+ 2+— 
a 


a a 





wili show that the following is a sufficient 
condition that the three denominators, 
after simplifying, be all different and all 
different from 1. 

Let b and d be distinct proper divisors of 
a; and let each pair, b and d, and ¢ and a, 
be relatively prime. 
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TABLE 1 














a b c d Factored Form Product Form 
1 1 1 5 
6 -2 a a ali og 2 Oe 
3 5 r (32 +5) (a —2) 3 x r x 3 

-1 1 3 7 
—10 2 2 sg ee etl oe BD 
5 10 (22 —7)(%+5) 5 7 0 *+3 

1 1 7 11 
pam pues ote cote: Gl iin snails 

18 9 1l 2 is (92 —11)(a+2) 2 & +35? 9 
1 -—1 13 2 
1 3 2 — (—32+42 — s!-— s+— 
5 5 1 (—32+2)(r+5) 5p  -ig*t3 


Table 1 shows a few examples con- 
structed in accord with this condition. 

Unfortunately, the examples produced 
by this method always have 1 or —1 as 
the numerator in the coefficient of the first 
term, and the largest denominator (in 
absolute value) is always divisible by the 
other two. If we adopt the more general 
schema 


1 
— (br+c)(dx+e), 
a 


then the following is a sufficient condition 
that the three denominators all be dif- 
ferent from 1 and from each other, that 
the largest (in absolute value) be not in 
every case divisible by the other two, and 
that the first numerator be not in every 
case l or —1. 

Let a, b, c¢, d, and e be distinct non-zero 
integers with a¥1; let b, c, and d be proper 
divisors of a, but bd not a multiple of a; and 
let each pair, b and c, e and c, and e and a, 
be relatively prime. 


Some examples are given in Table 2. 


Situation 4. You wish to make up some 
problems in which the student must cal- 
culate the area of a quadrilateral, given 
the co-ordinates of the vertices; and you 
want some of the answers to be integral, 
some fractional, and some irrational. How 
can you select suitable vertices? 

A solution. One way of calculating such 
areas is to draw a diagonal and then cal- 
culate separately the areas of the two tri- 
angles, perhaps using the determinant 
formula shown in Figure 2. A faster way is 
to use the second order determinant shown 
in Figure 3. (The formula in Figure 3 can 
be derived from the previous one by ex- 
pansion of two of the latter, addition, and 
then some judicious factoring.) 

To make the answer come out the way 
you want, choose numerical values for all 
co-ordinates except 2 and 23, put them 
into the determinant, and expand it. Then 
you can easily find numbers for x; and x3 














TABLE 2 
a b c d e Factored Form Product Form 
45 9 5 3 1 “3 (9x +5) (32+1) - n+ r+ 
24 —3 8 6 5 i (—32 +8) (62 +5) Ste r+ 
—28 7 4 2 —3 = (7z +4) (2a —3) Ste r+ 
56 —2 7 8 11 xq (—20-+7)(8e+11) S ttt 
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Figure 2 
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2 | (tea—24)  (Y2—Ya) 


Figure 3 


which will bring about the desired result. 
For example, let the y-co-ordinates be 
—3, 5, 7, and 2; and let x2 and 2 be 8 and 
—5. Then the area formula becomes 

1 (2% _ X3) —10 
13 3 





1 
~— [3(21—23) +130] 


os 


=— (x,— 23) +65. 


€ 
— 


~~ 


The area will now be integral if (7: —23) 
is an even integer, but fractional or a 
fraction with an odd number for numera- 
tor if (z:1—23) is an odd integer, or irra- 
tional if x; or 2; is irrational. 


Situation 5. An infinite sequence is not 
well defined unless there is given a gen- 
eral rule for finding any term. For ex- 
ample, there are many sequences begin- 
ning with 2, 4, 6. To convince students of 
this, you may exhibit several distinct 
sequences whose first few terms are alike. 
How can such sequences be found? 

A solution. An infinite sequence may be 
considered as a function whose domain is 
the set of counting numbers {1, 2, 
3, -- + }. Each counting number is paired 
with exactly one member of the range of 
the function. Suppose we are interested in 
infinite sequences beginning 2, 4, 6. That 
means we are interested in functions (with 
the counting numbers as domain) which 
contain the ordered pairs (1, 2), (2, 4), 
and (3, 6). (See Fig. 4.) The Lagrange 
interpolation formula enables one to find 
polynomial expressions which will serve as 
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Figure 4 


nth terms in such sequences. We proceed 
as follows. 

Our aim is to construct a function F of 
the form 


F(x) =yr-filx) +Yy2-fo(x) +ys-fa(x) +ya-falz). 


Here 71, y2, and y3 are the y-co-ordinates 
of the three points in Figure 4. We choose 
any point with an 2-co-ordinate of 4 as 
our fourth point, for example, (4, 10). Its 
y-co-ordinate is used as ys. Our problem 
now is to find some subsidiary functions 
hi, fe, fz, and f; so that F will include all the 
four points already selected. Since we 
want F(2,) to equal y1, we must arrange 
for fi(a1) to equal 1, and the other three 
terms to equal zero. Since we want F(x) 
to equal y2, we must arrange for f2(z2) to 
equal 1, and the other three terms to 
equal zero, and so on. If we let 


(x—2)(x—3)(a—4) 
—6 F 
then fi(1)=1; and fi(2), fi(3), and fi(4) 
are all zero. Here the denominator equals 
the numerator evaluated for x=1. 
The other subsidiary functions are con- 


structed in an analogous way. Hence our 
F for this case may be defined as follows: 


2(a—2)(a—3)(x—4) 





f(z) = 














F(x)= a 
4(a—1)(x—3)(x—4) 
2 
1 6(a—1)(a—2)(x—4) 
—2 
10(a—1)(x—2)(x—3) 
6 
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After simplifying we have 
1 17 

F(2)=— 2°—22?+— z—2. 
3 3 


Using n instead of x, we have thus the 
sequence 


2,4, 6,10, +: (= n?—2n? 


17 
+- n-2), 
3 


If we had used (4, 8) as our fourth 
point, we would have obtained the se- 


quence 


2,4,6,8,-++, 2m, ++ %; 


and the point (4, 5) will determine the se- 
quence 


—] 
2, 4, 6, 5, re (= ni+3n? 


(i 
—_- n+3), aaa 
9 


Other choices for y will yield other se- 
quences beginning 2, 4, 6. To find several 
sequences in which the first four terms are 
the same, one may proceed in the same 
fashion, but with F(x) equal to the sum 
of five terms. 





Reviews and evaluations 
(Continued from p. 372) 


systems. This thorough coverage makes the 
chapter an excellent resource for teachers. Since 
the study of various systems of numeration is 
mainly to provide students with new insights 
into the decimal system, along with a bit of in- 
formation about computers, one wonders if such 
thorough coverage of so many systems is neces- 
sary for average students. As for the superior 
student, instead of receiving the ready-made 
chart comparing systems, it might be well if he 
undertook to make one of his own for the class. 
In this unit, too, you will enjoy learning, along 
with your class, the names of some of the newer 
units of measure mentioned during the study of 
scientific notation. Do you know what a parsec 
is? Or a gigadollar? 

The concept of set with its symbolism is in- 
troduced in Unit Two. The purpose of such a 
unit for younger pupils is to develop readiness 
for a future program of contemporary mathe- 
matics in senior high school, but it is remarkable 
to see the amount of suitable information that 
can be offered in the twenty-five pages that 
Stein allots to open sentences, solutions, solution 
sets, solutions of inequalities, subsets, opera- 


tions with sets, Venn diagrams, and a glimpse 
at the symbols and truth tables of logic. 

Unit Three is about graphing sentences in 
one and two variables. After a brief discussion 
of ordered pairs or numbers, absolute value, do- 
main, and range, there follows an explanation 
of the graphing of equations and inequalities in 
one variable on a number line. Stein’s placement 
of graphing on a number line in this final unit 
makes for a logical, well-rounded development 
of graphs; however, it deprives one of the use of 
this device to increase the understanding of sets. 
We suggest using graphs on number lines early 
in Unit Two. The rest of Unit Three is devoted 
to graphing equations and inequalities in two 
variables, both on a restricted number plane 
(lattice) and on the real number plane. The il- 
lustrations of graphs are excellent. 

The supplementary units might have in- 
cluded an exercise on functions as sets of ordered 
pairs, and they might have included a lesson on 
zero or one on operations with powers other than 
ten. But since a supplement must contain only 
selected units, and since the author has selected 
wisely according to recent recommendations for 
the grade levels for which he is writing, we en- 
courage your consideration of the supplement’s 
possibilities —Lotichen Lipp Hunter, Wichita 


’ High School West, Wichita, Kansas. 
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NCTM 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 





Officers of the NCTM Affiliated Groups 


Eugene P. Smith, Chairman, Committee on A filiated Groups, 


ALABAMA 
Mathematics Department of Alabama Education 
Association 
Pres.—Bessie Jones, Dothan H.S., Dothan 
V. Pres.—Estelle McCullough, Troy H.S., 
Troy 
Secy.-Treas.— Mrs. R. O. Newman, Auburn 
University, Auburn 





ARIZONA 
Arizona Association of Teachers of Mathematics 
Pres.—Mrs. Barbara Buchalter, Catalina 
H.S., E. Pima St., Tucson 
V. Pres.—Edward Maxwell, Catalina H.S., 
E. Pima St., Tucson 
Secy.—Mrs. Mary E. Stell, Alice Vail Jr. 
H.S., 8. Craycroft Rd., Tucson 
Treas.—William Kush, Fickett Jr. H.S., 
Kolb Rd., Tucson 
Editor—Don Zastrow, Rincon H.S., Swan 
Rd., Tucson 


ARKANSAS 
Arkansas Council of Teachers of Mathematics 
Pres.—Mrs. W. N. Trulock, Woodrow Wil- 
son Jr.H.S., Pine Bluff 
V. Pres. (College)—Mrs. Tabbie Moore, 
Southern State College, Magnolia 
V. Pres. (H.S.)—Claudia B. Garrison, Pine 
Bluff H.S., Pine Bluff 
V. Pres. (Jr.H.S.)—Mrs. J. S. Ross, Fair- 
view Jr.H.S., Camden 
V. Pres. (Elem.)—Hershel Nichols, South- 
west Jr.H.S., Hot Springs 
Secy.—Mrs. Frank Koon, Conway H.S., 
Conway 
Treas.—Naomi Williams, 205 N. 21st St., 
Ft. Smith 
Editor—Robert Truax, Crossect H.S., Cros- 
sect 
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Wayne State University, Detroit, Michigan 


CALIFORNIA 
California Mathematics Council 
Pres.—Kenneth C. Skeen, Diablo Valley 
College, Concord 
V. Pres.—John Forster, Mark Keppel H.S., 


Alhambra 

Secy.—William E. Huff, Los Gatos H.S., 
Los Gatos 

Treas.—Don Alkire, Fresno State College, 
Fresno 


Editor—Edward H. Whitmore, Dept. of 
Mathematics, San Francisco State Col- 
lege, San Francisco 27 


COLORADO 
Colorado Council of Teachers of Mathematics* 
Pres.—A. W. Recht, 2233 S. St. Paul, 
Denver 10 
V. Pres.—James Couch, 2110 Kennedy, 
Grand Junction 
Secy.—Wilbur Richardson, 
wood, Pueblo 
Treas.—Orville Richards, 161 Hall Ave., 
Grand Junction 


1721 Maple- 


DELAWARE 
Delaware State Mathematics Teachers Association 
Pres.—Michael J. Visnovsky, Dickinson 
School, Wilmington 
V. Pres.—William H. Boucher, Mt. Pleas- 
ant Sr.H.S., Wilmington 
Secy.-Treas.—Genevieve 
School, Wilmington 


Monta, Krebs 


* Annual President’s Report not received by 
February 23, 1961, so list of officers may not be cor- 
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pisTRICT OF COLUMBIA 


District of Columbia Teachers of Mathematics* 

Pres.—Carol V. McCamman, Calvin Coo- 
lidge H.S., 5th and Tuckerman Sts. 
N.W., Washington 11 

V. Pres.—Helen Robertson, Deal Jr.H.S., 
Nebraska and Fort Dr. N.W., Wash- 
ington 

Secy.—Ruth Jane Kevin, National Cathe- 
dral School, Woodley Rd. and Wisconsin 
Ave. N.W., Washington 16 

Treas.—Mrs. Helen Cooper, North Bethesda 
Jr.H.S., Johnson Ave. and Ewing Dr., 
Bethesda, Maryland 


Benjamin Banneker Mathematics Club 

Pres.—Mr. Mildred Braxton, Banneker 
Jr.H.S., 9th and Euclid St. N.W., Wash- 
ington 

V. Pres.—Mrs. Alice Davis, 1843 Park Rd. 
N.W., Washington 

Rec. Secy.—Mrs. Grace Davis, Cardoza 
H.S., 13th and Clifton St. N.W., Wash- 
ington 

Cor. Secy.—Sallie Tilford, Taft Jr.H.S., 
South Dakota and Randolph, N.E., 
Washington 

Treas.—Mrs: Georgia Johnson, 1918-17th 
St., N.W., Washington 


FLORIDA 
Florida Council of Teachers of Mathematics 
Pres.—Robert Kalin, School of Education, 
Florida State University, Tallahassee 
V. Pres.—Clifford Ripley, 7601 High Ridge 
Rd., Lake Worth 
Secy.—Carroll C. Little, 847 E. Call St., 
Tallahassee 
Treas.—Vida Hardee, Callahan 
Editor: Mrs. Lora Lewis, 1911 Old Fort 
Drive, Tallahassee 


Dade County (Florida) Council of Teachers of 
Mathematics 
Pres.—Ernest E. Burgess, Jr., Palmetto 
H.S., 7460 S.W. 118 St., Miami 
V. Pres.—Wallace B. Firestone, West 
Miami Jr.H.S., 7525 S.W. 24 St., Miami 
Rec. Secy.— Mamie R. Hughes, Miami H.S., 
2450 S.W. First St., Miami 
Cor. Secy.—Gloria Hubinger, Palmetto 
H.S., 7460 S.W. 118 St., Miami 
Treas.—Donald J. Stark, South West Miami 
H.S., 8855 S.W. 50 Terr., Miami 


Florida State University Mathematics Teaching 
Club* 
Pres.— Wayne Barningham, Box 2482, Flor- 
ida State University, Tallahassee 
V. Pres.—Yolanda ‘iuszty, Box 3055, 
Florida State University, Tallahassee 
Secy.—Quessie Sullivan, Box 1585, Florida 
State University, Tallahassee 


Treas.—Mary Emma Hearn, Box 1246, 
Florida Staie University, Tallahassee 
Sponsor—Robert Kalin, School of Educa- 
tion, Florida State University, Tallahas- 

see 


Hillsborough County Mathematics Council 

Pres.—Mrs. Elva McWilliams, 802 S. Boule- 
vard, Tampa 6 

V. Pres.—Carroll E. Fogal, 1704 Overpar, 
Tampa 4 

Rec. Secy.— Mrs. Esther B. Thames, 3119 S. 
Julia Circle, Tampa 9 

Cor. Secy.—Frederick E. Wadley, 2906 34th 
St., Tampa 5 

Treas.—Mrs. Betty F. Wiley, 4303 S. 
Thatcher Ave., Tampa 11 

Editor—D. C. Barnes, George Washington 
School, Columbus Dr. and Mitchell, 
Tampa 5 


Pinellas County Council of Teachers of Mathe- 
matics 
Pres.—Ruth Reynolds, Oak Grove Jr.H.S., 
c/o Clearwater Jr.H.S., 100 N. Green- 
wood Ave., Clearwater 
V. Pres.—Robert V. Bradfield, Largo Jr.H.S., 
Largo 
Secy.—Theresa Bosworth, Dunedin H.S., 
896 Union St., Dunedin 
Treas.—Llewellyn Cook, Tyrone Jr.H.S., 
6421 22nd Ave. N., St. Petersburg 


Pinellas County Progressive Council of Mathe- 
matics Teachers* 
Pres.—Mr. Corinne Young, 619 29th St. S., 
St. Petersburg 12 
V. Pres.—Mrs. Harold Robinson, Rt. 2, Box 
449, Clearwater 
Secy.—Mrs. Attamese Spearman, 2245 7th 
Ave. 8., St. Petersburg 
Treas.—Mrs. Rosa L. Sheppard, 1329 Dunn 
More Ave. S., St. Petersburg 


GEORGIA 


Georgia Council of Teachers of Mathematics 

Pres.—Mrs. Margaret Wynn, Jeff Davis 
H.S., Hazlehurst 

Pres.-Elect. (ist. V.P.)—Martha Rogers, 
Columbus H.S., Columbus 

2nd V. Pres.—Mrs. Edna Lee, Marietta 
H.S., Marietta 

Secy.—Mrs. Ruth Baker, Danielsville H.S., 
Danielsville 

Treas.—Mrs. Doris Dickey, Cassuille H.S., 
Cassuille 

Editor—James P. Brown, 
Schools, Atlanta 


Dekalk Co. 


ILLINOIS 
Illinois Council of Teachers of Mathematics 


Pres.—Francis R. Brown, Illinois State Nor- 
mal University, Normal 
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Pres. Elect.—Jane Jaeger, Calvin Coolidge 
Jr.H.8., Moline 

V. Pres. (Sec.)—Houston Kirk, Quincy 
Senior H.8., Quincy 

V. Pres. (Jr.H.)—Eunice Egges, West 
Jr.H.S., Kankakee 

V. Pres. (Elem.)—Helen Hoing, Western 
Illinois University, Macomb 

Rec. Secy.—Herman Boeckman,’ Bloom- 
ington H.S., Bloomington 

Treas.—Sam Deeds, Western Illinois Uni- 
versity, Macomb 

Editor—Gertrude Hendrix, University of 
Illinois, Urbana 





Chicago Elementary Teachers’ Mathematics Club 
Pres.—Mrs. Lydia Schmidt, Orr School, 
1040 N. Keeler, Chicago 51 
V. Pres.—K. Mulhern, Ryerson School, 646 
N. Lawndale, Chicago 24 
Treas.— Mildred C. Rogers, Warren School, 
9210 Chappell, Chicago 17 


Men’s Mathematics Club of Chicago and Metropol- 
itan Area 
Pres.—Harold M. Piety, Wright Jr. College, 
3400 N. Austin Ave., Chicago 
Secy.-Treas.—Vernon Kent, Proviso West 
H.S., Hillside 
Rec. Secy.—Charles W. Moran, Chicago 
Teachers College, 2216 W. Hirsch St., 
Chicago 22 
Prog. Chr.—Fred Widicus, Proviso West 
H.S8., Hillside 


Women’s Mathematics Club of Chicago and 
Suburbs* 
Pres—Maude Bryan, Austin H.S., 231 
N. Pine Ave., Chicago 44 
V. Pres.—Florence Miller, Wright Jr. Col- 
lege, 3400 N. Austin Ave., Chicago 34 
Secy.—Delphine Lipecki, Glenbrook H.S., 
Northbrook 
Treas.—Katherine M. Norwood, 1409 Ber- 
wick Blvd., Waukegan 


INDIANA 
Indiana Council of Teachers of Mathematics 
Pres.—Glen D. Vannatta, Broad Ripple 


H.S., Indianapolis 
Ist V. Pres——Ruth Hinkle, Sullivan H.S., 


Sullivan 

2nd V. Pres.—Homer Maddock, Richmond 
H.S., Richmond 

Secy.—Mary Smuck, Howe H.S., Indian- 
apolis 

Treas.—Don Hartig, Central H.S., Evans- 


ville 
Mbr. Secy.—Virginia Danuser, Central H.S., 


Ft. Wayne 
Editor—Charles Fleenor, Burris School, 


Muncie 
Gary Council of Teachers of Mathematics 


Pres.—Olive Leskow, Tolleston School, 1700 
Taney, Gary 


V. Pres.—-James Conlon, Lew Wallace 
School, 415 W. 45th, Gary 

Treas.—Alfred White, Roosevelt School, 
730 W. 25th Ave., Gary 

Secy.—Paul Boheny, Horace Mann School, 
524 Garfield, Gary 


IOWA 
Iowa Association of Mathematics Teachers* 
Pres.—Janette McEwen, Eagle Grove Com- 
munity Schools (H.S.), Eagle Grove 
V. Pres.——Guy Chase, Keokuk Jr.H.S., 
Keokuk 
Secy.-Treas.—Gordon T. Garrison, Good- 
rell Jr.H.S., Des Moines 
Editor—Mrs. Hilda Brown, Perry H.S., 
Perry 


KANSAS 
Kansas Association of Teachers of Mathematics 
Pres.—Reuben J. Goering, Buhler Rural 


H.S., Buhler 
V. Pres.—Iva Zimmerman, Salina H.S., 
Salina 


Secy.-Treas.—Gertrude Welch, Shawnee 
Mission No. H.S., Shawnee Mission 
Editor—Gilbert Ulmer, University of Kan- 

sas, Lawrence 


The Wichita Mathematics Association 

Pres.— Donald C. Martinson, Wichita H.S. 
North, Wichita 

V. Pres.—Mrs. Mary Cowgill, Brooks Inter- 
mediate School, Wichita 

Secy.—Mrs. Rebekah Kennedy, Mayberry 
Intermediate School, Wichita 

Treas.—Ted Schackleford, Central Inter- 
mediate School, Wichita 

Pro. Chr.—Jeneva Brewer, University of 
Wichita, Wichita 


KENTUCKY 
Kentucky Council of Mathematics Teachers* 
Pres.—Mrs. T. E. Spear, Muhlenberg Cen- 
tral H.S., Powderly 
Secy.-Treas.—Howard Quisenberry, Gra- 
ham H.S., Graham 


LOUISIANA-MISSISSIPPI 
Louisiana-Mississippi Branch of the National 
Council of Teachers of Mathematics 
Pres.—Virginia Felder, Box 88, Station A, 
Hattiesburg, Miss. 


MARYLAND 
Mathematics Section-Maryland State Teachers 
Association 
Pres.—W. Edwin Freeny, Catonsville H.S., 
Catonsville 28 
V. Pres.— William J. Gerardi, Dept. of Edu- 
cation, 3 E. 25th St., Baltimore 18 
Rec. Secy.—Ellen L. Bortz, Walter Johnson 
H.S., 10311 Old Georgetown Rd., Rock- 
ville 
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Cor. Secy.—Betty L. Shivers, Milford Mill 
H.S., Baltimore 7 

Treas.—Margaret M. Menton, Eastern 
H.S8., 33rd St. and Loch Raven Rd., 
Baltimore 18 

Editor—Mrs. Edna Lilienfeld 


Montgomery County Mathematics Teachers Asso- 
ciation 
Pres.—Charles M. Proctor, Board of Educa- 
tion, Rockville 
V. Pres.—Donald Williamson, Bethesda- 
Chevy Chase H.S., Rockville 
Cor. Secy.— Mary Grau, Board of Education, 
Rockville 
Rec. Secy.—Margaret Bedsworth, Mont- 
gomery Hills Jr.H.S., Rockville 
Treas.—Paige D. Johnson, Montgomery 
Blair H.S., Wayne Ave. and Dale Dr., 
Silver Spring 


Prince George’s County Mathematics Teachers’ 
Association 
Pres.—James R. Dietz, 3919 Oglethorpe 
St., Hyattsville 
V. Pres.—Mrs. Belva Hopkins, 10433-43rd 
Ave., Beltsville 
Secy.-Treas.—Jesse P. Darnell, 909 E. 
Capitol St., Washington 3, D.C. 


MICHIGAN 
Michigan Council of Teachers of Mathematics* 
Pres.—Charles Zoet, Bentley H.S., 15100 
Hubbard Rd., Livonia 
V. Pres.—Mary Neville, Eastern Michigan 
University, Ypsilanti 
Secy.— Marjorie Pickering, 5198 Cold Springs, 
Birmingham 
Cor. Secy.—Esther Graham, St. John’s 
Treas.—Warren Parnell, Mount Pleasant 








Detroit Council of Mathematics Teachers 

Pres.—Frederick Schippert, Jefferson Jr.H.S., 
950 Selden, Detroit 

V. Pres.—Minetti Breman, Mumford H.S., 
17525 Wyoming, Detroit 

Secy.—Bernice Munro, Northeastern H.S., 
4830 Grandy, Detroit 

Treas.—Sister Mary deLourdes, Servite 
H.S., 4863 Coplin Ave., Detroit 


MINNESOTA 
The Minnesota Council of Teachers of Mathematics 
Pres.—Robert D. Emahiser, 3098 Mildred 
Dr., St. Paul 13 
V. Pres.—Richard R. Hartman, 6821 Penn 
Ave. S., Edina 
Secy.—David L. Dye, 1420 Calihan Ave., 
Bemidiji 
Treas.—Roger C. Thompson, 3006 Ala- 
bama Ave., Minneapolis 16 


MISSOURI 


Missouri Council of Teachers of Mathematics 
Chr.—Mary A. Lambert, Affton Senior 
H.S., 8309 McKenzie Rd., Affton 23 


V. Chr.—Ethel Pierce, Eureka H.S., Eureka 

Secy.-Treas.—-Mary E. Morris, Leonard A. 
Steger Jr.H.S., Brombert Lane, Webster 
Groves 14 

Editor—Adeline Riefling, 3507 Hawthorne 
Blvd., St. Louis 4 


MONTANA 
Billings Regional Mathematics Club* 
Pres.—Joseph W. Israel, Joliet H.S., Joliet 
V. Pres.—Louis Reichman, Park City H.S., 
Park City 
Secy.—Margaret Taylor, Billings Jr.H.S., 
Billings 
Treas.—Charlene Avis, Billings Jr.H.S., 
Billings 


NEBRASKA 
The Nebraska Section of the National Council of 
Teachers of Mathematics 
Pres.—Willmetta Clausen, Walnut Jr.H.S.» 
Grand Island 
V. Pres.—Estella LaRue, McCook H.S., 


McCook 

Secy.—Arlene Russnogle, Westside H.S., 
Omaha 

Treas.—Joe Buettner, Holdrege H.S., Hol- 
drege 


Editor—Marion Heiser, North H.S., Omaha 


NEW ENGLAND STATES 


Association of Teachers of Mathematics in New 
England* 

Pres.—Mrs. M. Isabelle Savides, Meadow- 
brook Jr.H.S., Newton Center, Mass. 

V. Pres.—Rev. Stanley Bezuszka, Head De- 
partment, Boston College, Chestnut Hill 
67, Mass. 

Secy.—Barbara B. Betts, Editor, D. C. 
Heath & Co., 285 Columbus Ave., Bos- 
ton 16, Mass. 

Treas.—Janet Height, Head Department, 
Wakefield H.S., Wakefield, Mass. 

Editor—Geraldine Smith, Editor, Ginn & 
Co., Statler Office Bldg., Boston, Mass. 


Southern New England Mathematics Association 
Pres.—John M. Heath, 986 Forest Rd., New 
Haven, Conn. 
V. Pres.—M. Jacobus, Kingswood School, 
West Hartford, Conn. 
Secy.-Treas.—J. P. Humphreys, Jr., South 
Kent School, South Kent, Conn. 


NEW JERSEY 


Association of Mathematics Teachers of New 
Jersey 
Pres.—Gail Koplin, Arthur L. Johnson 
Regional H.S., Clark 
Pres. Elect.—Harold A. Gouss, South Side 
H.S., Newark 
V. Pres. (College)—Bruce E. Meserve, State 
College, Montclair 
V. Pres. (Jr.H.)—Florence W. Borgeson, 
Roosevelt Jr.H.S., Westfield 
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V. Pres. (H.S.)—Margaret J. Cotter, Dwight 
Morrow H.S., Westfield 

Cor. Secy.—Ann Marie Ilaria, S. Orange- 
Maplewood Jr.H.S., South Orange 

Rec. Secy.—Mary E. Froustet, Union H.S., 
Union 

Treas.—Mary C. Rogers, Edison Jr.H.S., 
Westfield 

Editor—Madeline D. Messner, Abraham 
Clark H.S., Roselle 


NEW MEXICO 


Mathematics Section of New Mexico Educational 
Association* 
Pres.—Lucile Buchanan, Eastern New Mex- 
ico University, Portales 
V. Pres.—Vern Witten, Carlsbad 
Secy.-Treas.—B. C. Carter, 711 N. Missouri, 
Roswell 


NEW YORK 


Association of Mathematics Teachers of New York 
State 
Pres.—Emily Van Horn, West Jr.H.S., 
Binghamton 
V. Pres—Edward Sherley, Mt. Pleasant 
H.S., Schenectady 3 
Rec. Secy.—Dorothy Lape, Amherst Cen- 
tral Jr.H.S., Snyder 26 
Cor. Secy.—Mary Simpson, Christopher 
Columbus Jr.H.8S., Binghamton 
Treas.—Carl Wampole, Hauppauge H.S., 
Hauppauge 
Editor—Paul Neureiter, State University 
College of Education, Geneseo 


Association of Teachers of Mathematics of New 
York City 
Pres.—Robert Sirlin, James Madison H.S., 
3787 Bedford Ave., Brooklyn 29 
V. Pres. (Acad.H.S.)—August Rizzuto, 
Wingate H.S., Brooklyn 
V. Pres. (Voc.H.S.)—Richard W. Elfers, 
McKee Voc. and Tech. H.S., Staten 
Island 
V. Pres. (Jr.H.S.)—Frank Wohlfort, Board 
of Education, Jr.H.S. Division, Brooklyn 
Rec. Secy.—Frances Flagg, Bayside H.S., 


Bayside 

Cor. Secy.—Evelyn Ager, P.S. 91 Bronx, 
Bronx 

Treas.—Cecile M. Cohen, Stuyvesant H.S., 
New York 


Nassau County Mathematics Teachers’ Associa- 
tion 
Pres.—John F. Devlin, 67 Allan Dr., East 
Norwich 
V. Pres.—Elmer Heinecke, 26 Daisy Lane, 
Levittown 
Secy.—Kathryn E. Slauson, 230 Atlantic 
Ave., Lynbrook 
Treas.— Margaret A. Paparillo, 159-17 45th 
Ave., Flushing 58 


New York Society for the Experimental Study of 
Education, Section 10, Mathematics 
Pres.—F. L. Elder, West Hempstead Jr.- 
Sr.H.S., 400 Nassau Blvd., West Hemp- 
stead 
V. Pres.—John A. Schumaker, Montclair 
State College, Montclair 
Secy.—Emily J. Klein, Bethpage H.S., 
Bethpage 
Treas.—Andrew F. Crafts, Scarsdale H.S., 
Scarsdale 


Suffolk County Mathematics Teachers Associa- 
tion* 
Pres.—Jack Record, Huntington H.S., 
Huntington 
V. Pres.—Lois Bowman, Amityville H.S., 
Amityville 
Treas.—Ethel H. Kaiser, Harborfields H.S., 
P.O. Box 107, Greenlawn 


NORTH CAROLINA 


Department of Mathematics of the North Carolina 
Education Association* 
Pres.—Herbert E. Speece, North Carolina 
State College, Raleigh 
V. Pres.—Kittie Lou Sutton, Kings Moun- 
tain H.S., Kings Mountain, Tenn. 
Secy.-Treas—M. H. Ballard, Fuqway 
Springs H.S., Fuqway Springs 


NORTH DAKOTA-MINNESOTA 


The Fargo-Moorhead Local of the National Coun- 
cil of Teachers of Mathematics 


Pres.—Alvin N. Hella, Emerson Smith 
School, Fargo, N.D. 

V. Pres.—Harry Kaeding, Moorhead Sr. 
H.S., Moorhead, Minn. 

Secy.—Marion Smith, Moorhead State 
College, Moorhead, Minn. 

Treas.—Ruby M. Grimes, 1128 N. 8th, 
Fargo, N.D. 


OHIO 
Ohio Council of Teachers of Mathematics 

Pres.—J. V. Naugle, Wyoming H.S., Cin- 
cinnati 15 

Ist V. Pres.—William L. Carter, Teachers 
College, University of Cincinnati, Cin- 
cinnati 21 

2nd V. Pres.—Bernard H. Gundlach, Dept. 
of Mathematics, Bowling Green State 
University, Bowling Green 

3rd V. Pres.—Harold J. Shurlow, Eastmoor 
Jr.-Sr.H.8., 945 Francis Ave., Columbus 
9 

Secy.—Sarah B. Greenholz, Cincinnati Board 
of Education, 3147 Bellewood Ave., Cin- 
cinnati 13 

Treas.—Robert J. Miller, Mariemont H.S., 
Cincinnati 27 

Editor—Eugene R. Epperson, 1013 S. Lo- 
cust, Oxford 
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Mathematics Club of Greater Cincinnati 

Pres.—Raymond J. Brokamp, Walnut Hills 
H.S., 3250 Victory Pkwy., Cincinnati 7 

V. Pres.—Dorothy Beaver, Hughes H.S., 
2515 Clifton, Cincinnati 19 

Secy.—Ruth Werner, Cutter Jr.H.S., 1310 
Sycamore St., Cincinnati 10 

Treas.—Fay Wert, College Hill School, 1625 
Cedar Ave., Cincinnati 24 


Greater Cleveland Mathematics Club 

Pres.— Walter F. Rosenthal, Bedford H.S. 
166 Columbus Rd., Bedford 

V. Pres.—Doris Krueger, Cleveland West 
Tech., 8804 Orchard, Cleveland 

Secy.—Mrs. Bessie Kisner, Strongsville 
H.S., 95 W. Fifth, Berea 

Treas.—Kenneth Gierhart, Brooklyn H.S., 
10260 Pleasant Valley, Parma Heights 

Editor—James Gates, Maple Hts. HLS.. 
6478 Evergreen Dr., Independence, Cleve- 
land 


The Greater Toledo Council of Teachers of Mathe- 
matics 
Pres.—Paul Abke, Clay H.S., Oregon 
Ist V. Pres —Edward Wickes, University of 
Toledo, Toledo 6 
2nd V. Pres.—Joe Rutherford, Libbey H.S., 
Toledo 
Secy.-Treas.—Don Corfman, Washington 
Jr.H.8., Toledo 13 


OKLAHOMA 
Oklahoma Council of Teachers of Mathematics 
Pres.—Sarah Burkhart, Edison Jr.-Sr.H.S., 


Tulsa 

Pres. Elect.—Myrtle Seright, Clinton H.S., 
Clinton 

V. Pres., (Sr.H.)—Mrs. Bernice Smith, Hale 
H.S., Tulsa 


V. Pres. (Jr.H.)—Mrs. Leota Sharp, Mus- 
kogee H.S., Muskogee 

V. Pres. (Elem.)—Mrs. Allene Mize, TV 
Instructor, Oklahoma City 

V. Pres. (College)—Leslie Dwight, Head 
of Mathematics Dept., Southeastern 
State College, Durant 

Secy.—Mrs. Daisy Rowe, Duncan H.S., 
Duncan 

Treas.—Mrs. Lola Greer, Douglas H.S., 
Oklahoma City 


Oklahoma City Mathematics Council 

Pres.—Mrs. Mollie Mae Davidson, N.E. 
H.S., 30th and N. Kelley, Oklahoma 
City 

V. Pres.—Robert Browning, Jr., Capital 
Hill Jr.H.S., 2717 S. Robinson, Okla- 
homa City 

Secy.-Treas.—Mrs. Mary Bayz, Southeast 
H.S., 5201 S. Shields, Oklahoma City 


Tulsa Chapter of National Council of Teachers of 
Mathematics 
Pres.—Bernice Smith, Nathan Hale H.S., 
6960 E. 21, Tulsa 


V. Pres.—John Claybon, Anderson Jr.H.S., 
1921 E. 29th North, Tulsa 

Secy.-Treas.—Virginia Parks, Will Rogers 
Sr.H.S., 3909 E. 5th Pl., Tulsa 


ONTARIO 
Ontario Association of Teachers of Mathematics 
and Physics* 
Pres.—Charles Chambers, Malbern Col- 
legiate Institute, Toronto, Ontario 
Secy.-Treas.—The Rev. John C. Eggsgard, 
1515 Bathurst, Toronto 10, Ontario 
Publicity Rep.—N. Sharpe, Upper Canada 
College, Toronto, Ontario 


OREGON 
Oregon Council of Teachers of Mathematics 
Pres.— Wendell C. Hall, 388 Merrill Court, 
Eugene 
Pres. Elect.—Vern Hiebert, Oregon College 
of Education, Monmouth 
V. Pres.—Sister M. Loretta Ann, Maryl- 
hurst College, Marylhurst 
Secy.-Treas.—Scott McFadden, 2489 
Emerald, Eugene 
Monograph Editor—Katherine 
1536 Thirtieth, Milwaukie 
Newsletter Editor—Virginia Rogers, 3425 
N.E. 30th, Portland 12 


PENNSYLVANIA 
Pennsylvania Council of Teachers of Mathe- 
matics 
Pres.—Earle F. Myers, Mathematics Dept. 
University of Pittsburgh, Pittsburgh 13 
V. Pres.—George Anderson, State College, 
Millersville 
Secy.—Helen Malter, Coraopolis H.S., Cora- 
opolis 
Treas.—Edna Mae Love, Derry Area H.S., 
Derry 
Editor—Catherine A. V. Lyons, University 
School, Pittsburgh 


Mathematics Council of Western Pennsylvania 

Pres.—Helen Malter, Coraopolis H.8., State 
Ave., Coraopolis 

V. Pres.—Harry L. Monroe, California 
State College, California 

Rec. Secy.—Catherine Folger, Taylor Alder- 
dice H.S., Forward Ave., Pittsburgh 17 

Cor. Secy.—Theodora Romano, Moon H.S., 
1407 Beers School Rd., Coraopolis 

Treas.— Mabel Milldollar, Natrona Heights 
School, Freeport Rd., Natrona Heights 

Editor—Helen Malter, Coraopolis H.S., 
State Ave., Coraopolis 


The Association of Teachers of Mathematics, 
Philadelphia and Vicinity 
Pres.—Alexander Beck, 1032 E. Phil- 
Ellena St., Philadelphia 50 
1st V. Pres—Edward I. Stein, 650 Green 
Briar Rd., Elkins Park 
Secy.—Mabel M. Elliott, Johnny’s Way, 
Westtown 
Treas.—Morna Hyatt, Bryn Athyn 
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SOUTH CAROLINA 
South Carolina Council of Mathematics Teachers 
Pres.—Mrs. Claire 8. Godwin, J. C. Lynch 
School, Coward 
V. Pres.—Mrs. Philip Kelley, Newberry 
H.S., Newberry 
Secy.—Mrs. Blair Williamson, Allendale- 
Fairfax H.S., Allendale 
Treas.—Lucile Huggin, Spartanburg H.S., 
Spartanburg 


SOUTH DAKOTA 


Mathematics Council of the South Dakota Educa- 
tion Association* 
Pres.—James Prosser, Vermillion H.S., Ver- 
million 
V. Pres.—John Schwartz, Rapid City H.S., 
Rapid City 
Secy.—Charles Prochaska, Flandreau H.S., 
Flandreau 
Treas.—Larry Kidwell, Custer H.S., Custer 


TENNESSEE 


Mathematics Section-East Tennessee Education 
Association 
Pres.—Floyd Bowling, Tennessee Wesleyan 
College, Athens 
V. Chr.—John Esposito, 6107 Adelia Dr., 
Knoxville 
Secy.—Florence Bogart, Tennessee H.S., 
Bristol 


TEXAS 
Texas Council of Teachers of Mathematics 
Pres.—Frances Flournoy, Sutton Hall 215, 
Univ. of Texas, Austin 
Ist V. Pres.—Elva Lerrett, 3525 Hilltop 
Rd., Ft. Worth 
2nd V. Pres.—J. B. Lowe, 3001 Mays Ave., 
Amarillo 
Secy.—Ruby Jones, 1009 N. Lee, Odessa 
Treas.—George Hunt, Mathematics Dept., 
Odessa College, Odessa 
Editor— William J. Brown, 3632 Normandy, 
Dallas 


Alamo District Council of Teachers of Mathe- 
matics 
Chr.— Richard T. Bennett, Keystone School, 
San Antonio 
Ist V. Chr.—Kaarl Saathoff, Highlands 
H.S., San Antonio 
2nd V. Chr.—Mrs. Eleanor Tuttle, New 
Braunfels Schools, New Braunfels 
Secy.—Mrs. Marie K. Schwartz, Alamo 
Hts. Schools, San Antonio 
Treas.—S. Edgar LeVine, Robert E. Lee 
H.S., San Antonio 


Greater Dallas Council of Teachers of Mathe- 
matics 
Pres.—J. William Brown, Woodrow Wilson 
H.S., Dallas 
ist V. Pres.—Rowena Paschall, South Oak 
Cliff H.S., Dallas 
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2nd V. Pres.—Bruce Orr, Highland Park 
Jr.H.8., Dallas 

3rd V. Pres.—Eleanor Burton, Gaston 
Jr.H.8., Dallas 

4th V. Pres.—Lloyd White, Hood Jr.H.8., 


Dallas 

Secy.—Martha Madden, Cary Jr.H.S,, 
Dallas 

Treas.—Lucille Simpson, Sunset H.S., Dal- 
las 


Houston Council of Teachers of Mathematics* 

Pres.—Ethelene Collins, 8. F. Austin Sr. 
H.S., 1700 Dumble, Houston 23 

V. Pres.—Evelyn M. Carson, Bellaire Sr. 
H.S., 5100 Maple, Houston 

Secy.—Gladys G. Pushard, Lamar Sr.H.S., 
3325 Westheimer, Houston 

Treas.—Wynona Victery, Jackson Jr.H.S., 
5100 Polk, Houston 


UTAH 
Utah Council of Teachers of Mathematics 
Pres.—James H. Wolfe, University of 
Utah, Salt Lake City 
V. Pres.—H. Reed Christensen, Snow Col- 
lege, Ephraim 
V. Pres.—Mrs. Patricia Fernandez, Olym- 
pus H.S., 4055 S. 23rd E., Salt Lake City 
V. Pres.—Ray F. Gilbert, Midvale Jr.H.S., 
Midvale 
V. Pres.—Richard Sorensen, Dilworth 
Elementary School, 1953 8S. 2ist E., 
Salt Lake City 
Secy.-Treas.—Roy G. McBride, 1575 S. 
State St., South H.S., Salt Lake City 


VIRGINIA 


Mathematics Section, Virginia Education Asso- 
ciation 
Pres.—Simeon P. Taylor, Yorktown H.S., 
5201 N. 28th St., Arlington 7 
V. Pres——Mrs. Doris L. Moore, George 
Wythe H.S., Richmond 
Secy.—Mrs. Nancy Redfearn, Kenmore 
Jr.H.8., S. Carlin Springs Rd., Ar- 
lington 
Treas.—Ruby Shreeves, Washington-Lee 
H.S., 1300 N. Quincy St., Arlington 


Arlington County Association of Teachers of 
Mathematics 
Pres.—Mable Coakley, Wakefield HLS., 
Arlington 
V. Pres.—Ione Surrett, Williamsburg Jr.H.S., 
Arlington 
Secy.—Mrs. Nancy Redfearn, Kenmore 
Jr.H.S., Arlington 
Treas.—Herbert W. Ware, Statford Jr.H.5., 
Arlington 


Richmond Branch of the Virginia Section of The 
National Council of Teachers of Mathematics* 
Pres.—David M. Boney, Jr., St. Christo- 
pher’s School, St. Christopher’s Rd., 
Richmond 
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V. Pres.— Ann Fitzgerald, Highland Springs 
H.S., Highland Springs 

Secy.— Mrs. Evelyn Ward, St. Catherine’s 
School, Grove Ave., Richmond 26 

Treas.—Mrs. Virginia Atkins, Box 12, Uni- 
versity of Richmond, Richmond 26 


WASHINGTON 


Washington State 
Teachers 
Pres.—Elden B. Egbers, Queen Anne H.S., 
3rd. Ave. and Galer St., Seattle 9 
V. Pres.—Mrs. Mary Kean, Stadium H.S., 


Council of Mathematics 


Tacoma 

V. Pres.—Blanche Smith, Shadle Park H.S., 
Spokane 

Secy.-Treas.—Liv Mevers, Renton H.S., 
Renton 


Puget Sound Council of Mathematics Teachers* 

Pres.—H. Glen Evanger, Hamilton Jr. 
H.S., 41 and Densmore, Seattle 

Pres.-Elect.—Nich Massey, Sealth H.S., 
2600 W. Thistle, Seattle 

Secy.—Beatrice Barclay, Sealth H.S., 2600 
W. Thistle, Seattle 

Treas.—Zella R. Stewart, 815 4th Ave. N., 
Seattle 9 


WEST VIRGINIA 
West Virginia Council of Mathematics Teachers* 
Pres.—James C. Kissel, Ravenswood H.S., 


Ravenswood 
V. Pres.—Betty Peck, Nitro H.S., Nitro 





Secy.— Mrs. Cada R. Parrish, Lineoln Jr. 
H.S., Charleston 
Treas.—Warren Cales, Box 103, Sandstone 


WISCONSIN 


Wisconsin Mathematics Council 

Pres.—D. G. McCloskey, 
Madison 5 

V. Pres. (Sec.)—Clifford Hertenstein, Me- 
morial H.S., Beloit 

V. Pres. (Elem.)—Mrs. Emma Carroll, 
Algonquin School, 7841 N. 47th St., 
Milwaukee 25 

Secy.—Sister Mary Petronia, Mount Mary 
College, Milwaukee 10 

Sec. Secy.— Merlyn Gray, Platteville H.S., 
34 Madison St., Platteville 

Elem. Secy.— Leslie Chaloupka, Washington 
Elementary School, 233 Doty St., Fond 
du Lac 

Treas.—Effie 
Milwaukee 

Editor—Raphael D. Wagner, 304 Extension 
Bldg., Madison 6 


30 Ash St., 


Froelich, Steuben Jr.H.S., 


WYOMING 


Cheyenne Teachers of Mathematics* 
Pres.—Michael Kouris, 109 W. Sixth Ave., 
Cheyenne 
V. Pres.—Lora Saupe, 2512 Pioneer Ave., 
Cheyenne 
Secy.-Treas.— Marian Lester, 100 E. Second 
Ave., Cheyenne 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE MATHEMATICS 


TEACHER. Announcements for this column 
should be sent at least ten weeks early to the 
Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth 
Street, N.W., Washington 6, D.C. 


NCTM convention dates 


JOINT MEETING WITH NEA 


June 28, 1961 

Atlantic City, New Jersey 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D.C. 


TWENTY-FIRST SUMMER MEETING 


August 21-23, 1961 
University of Toronto, Toronto, Canada 


Father John C. Egsgard, C.S.B., St. Michael’s 
College School, 1515 Bathurst Street, Toronto 
10, Canada 


FORTIETH ANNUAL MEETING 


April 15-18, 1962 

Jack Tar Hotel, San Francisco, California 

Kenneth C. Skeen, 3355 Cowell Road, Concord, 
California 


Other professional dates 
Men’s Mathematics Club of Chicago and Metro- 


politan Area 
May 19, 1961 


YMCA Hotel, 826 South Wabash Avenue, Chi- 


cago, Illinois 


Vernon R. Kent, 1510 South Sixth Avenue, 


Maywood, Illinois 
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Twenty-first Summer Meeting 


Host Organization: 
Ontario Association of Teachers of 
Mathematics and Physics 


Program Committee: 
Clarence Ethel Hardgrove, Clifford Bell, 
Mildred Cole, Eunice Lewis 


Local Chairman: 
Father John C. Egsgard, C.S.B., St. 
Michael’s College School, Toronto 


PROGRAM HIGH LIGHTS 
OF GENERAL SESSIONS 


Banquet: 
“Education in the 1960’s”’ 
Honorable John Robarts, Ontario 
Minister of Education 


Others: 
“Principles of Learning and the Learn- 
ing of Mathematical Principles’ 
Delox Wickens, Professor of Psychol- 
ogy, The Ohio State University 
“Advanced Mathematics from an Ele- 
mentary Standpoint”’ 
Ralph D. James, Professor of Mathe- 
matics, University of British Co- 
lumbia 
“On the Nature of Applied Mathe- 
matics” 
Henry O. Pollak, Bell Telephone 
Laboratories, Inc. 


LECTURES 


Nine lectures are scheduled for the pur- 
pose of improving or refreshing the mathe- 
matics background of teachers. Some of 
these are for secondary and college 
teachers, and these are for junior high 
school and elementary teachers. 
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University of Toronto, 
Toronto, Ontario, Canada 
August 20, 21, 22, 28, 1961 


A two-session short course on the topic 
“Different Approaches to Exponential 
and Trigonometric Functions” will be 
given by Donald E. Richmond of Wil- 
liams College and a three-session short 
course on “Solution of Simultaneous 
Equations by Use of Matrices,” by E. F. 
Beckenback of University of California, 
Los Angeles. Richard D. Anderson, Louisi- 
ana State University, will lecture on a 
topic related to geometry. 

The junior high school and elementary 
teachers may hear a series of two lectures 
by Stanley Jackson, University of Mary- 
land, on elementary geometry and a lec- 
ture by Burton H. Calvin, Boeing Scien- 
tific Research Laboratories, on a phase of 
arithmetic. 


SECTION MEETINGS 


A series of programs are being spon- 
sored by the Ontario Association of 
Teachers of Mathematics and Physics. 
Speakers will describe the work of the On- 
tario Mathematics Commission and of ex- 
perimental programs. Mr. Leonard Casi- 
ats and Mr. Hugh Fullerton of KCS 
Limited will discuss electronic computers 
and their use in business. 

Affiliated groups from New England, 
New York, Ohio, and Pennsylvania are 
sponsoring sectional meetings. 

There will be a session on ‘‘Teaching 
Machines.”’ 

Professor E. G. Begle, Director, School 
Mathematics Study Group, and Professor 
Richard Alpert, Princeton, will report on 
“An Evaluation of Junior and Senior 
High School SMSG Materials” and ‘‘At- 
titudes toward Mathematics.” 
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State representatives 


It has become almost a tradition to print 
in a spring issue of THe MATHEMATICS 
TEACHER 2 list of the state representatives 
of the Council. During a long period of 
years, our state representatives as a group 
have rendered invaluable service to our 
program. They have used a variety of 
methods, including personal solicitation, 
announcements at meetings, and sending 
reminders to “expirations,”’ to promote 


membership in the Council. They have ad- 
vertised our publications, even to the 
extent in some cases of operating actual 
sales programs at meetings. They have 
announced Council meetings and activi- 
ties. In many cases, they have been able 
to gather useful information and news 
from the field. Below is the list of repre- 
sentatives who are serving during the 
1960-61 school year. 





Margaret M. Holland 
1712 Forestdale Boulevard 
Birmingham 14, Alabama 


M. Wilene Neely 
Rincon High School 
422 Arcadia Boulevard 
Tucson, Arizona 


Charles Pitner 
Harding College 
Searcy, Arkansas 


Joseph L. Slack 
Chico State College 
Chico, California 


Paul Klipfel 
1004 Las Raposas Road 
San Rafael, California 


John S. Herman 
1001 Oxford Court 
Bakersfield, California 


Kenneth C. Skeen 
3355 Cowell Road 
Concord, California 


Edwin Eagle 
5039 Campanile 
San Diego 15, California 


Gunhild G. Swanson 
Post Office Box 51 
Loma, Colorado 


George Spooner 

Central Connecticut State 
College 

New Britain, Connecticut 


Russell Dineen 
1804 North Monroe Street 
Wilmington, Delaware 


Veryl Schult 
Sheraton-Park Hotel 
Washington 8, D.C. 


Ethel Harris Grubbs 


751 Fairmont Street, N.W. 


Washington 1, D.C. 


Robert Kalin 

School of Education 
Florida State University 
Tallahassee, Florida 


Kenneth P. Kidd 
School of Education 
University of Florida 
Gainesville, Florida 


Kathleen Dolvin 
1015 North Main Street 
College Park, Georgia 


Raymond Hegg 
Moscow High School 
Moscow, Idaho 


Jane Jaeger 

Calvin Coolidge Jr. High 
School 

Moline, Illinois 


Philip Peak 

School of Education 
Indiana University 
Bloomington, Indiana 


Ruth Miller 
2022 Sunset Drive 
Ames, Iowa 


Gilbert Ulmer 
University of Kansas 
Lawrence, Kansas 


Helen Cunningham 
1110 Audubon Parkway 
Louisville 13, Kentucky 


Lurnice Begnaud 
Post Office Box 557 
Lafayette, Louisiana 


Houston T. Karnes 
Louisiana State University 
College of Arts and Sciences 
Baton Rouge 3, Louisiana 


Wilma Rollins 
13 Emerson Street 
Sanford, Maine 


Myra B. Cordrey 
Pittsville, Maryland 


S. Leroy Taylor 
Administration Building 
3 East 25th Street 
Baltimore 18, Maryland 


Janet S. Height 
3 Eaton Street 
Wakefield, Massachusetts 


Mary E. Reed 
1070 McAllister 
Benton Harbor, Michigan 


John Griffiths 

Central Jr. High School 
6300 Walker Street 
Minneapolis, Minnesota 


Eleanor Walters 
Delta State College 
Cleveland, Mississippi 


Lee O. Jones 
William Jewell College 
Liberty, Missouri 


Adrien L. Hess 
Montana State College 
Bozeman, Montana 


Monte 8. Norton 
720 South 22nd Street 
Lincoln, Nebraska 


Vera Z. Warren 
528 Reno Avenue 
Reno, Nevada 


H. Gray Funkhouser 
26 Elliott Street 
Exeter, New Hampshire 


Hubert B. Risinger 
18 Summit Street 
East Orange, New Jersey 


Arthur A. LePori 
East Orange High School 
East Orange, New Jersey 
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Reba Jinkins 
1120 Pile 


Clovis, New Mexico 


Lucile Brooks 
Marcellus Central School 
Marcellus, New York 


Harry D. Ruderman 
2624 Davidson Avenue 
Bronx 68, New York 


Clyde Hunter 
900 West Vance Street 
Wilson, North Carolina 


Ernest M. Pletan 
1517 North Third Street 
Grand Forks, North Dakota 


Irwin N. Sokol 
5828 Circle Drive 
Mayfield Heights 24, Ohio 


Florence Ingham 
1311 Delaware Avenue 
Bartlesville, Oklahoma 


Oscar F. Schaaf 
123 Leigh Street 
Eugene, Oregon 


Sister M. Tarcisius 

St. Peter’s High School 
Arch Street 

Pittsburgh 12, Pennsylvania 


More about 1960-1961 Committees 


J. 8S. Woodruff 
2111 Wharton Road 
Glenside, Pennsylvania 


M. L. Herman 
Moses Brown School 
Providence 6, Rhode Island 


Alice B. Rabon 
1300 State Street 
Cayce, South Carolina 


Gwen Broman 
Groton, South Dakota 


B. N. Eldridge 
Madison High School 
Madison, Tennessee 


Mozelle Schulenberger 
101 Ross Avenue 
Cleburne, Texas 


Eva A. Crangle 
3650 South Carolyn Street 
Salt Lake City 6, Utah 


John G. Bowker 
Middlebury College 
Middlebury, Vermont 


Emilie Holladay 
93-33rd Street, Apartment 2 
Newport News, Virginia 


C. C. Grant 
14 East Clay Street 
Richmond, Virginia 


Ellen A. Carstairs 
8032-30th Avenue, N.E. 
Seattle 15, Washington 


Fred Kramlich 
Lewis & Clark High School 
Spokane, Washington 


Kathryn W. Lynch 
923 Sixth Avenue 
St. Albans, West Virginia 


Elli Otteson 
705 Whipple Street 
Eau Claire, Wisconsin 


Lydia R. Goerz 
2204-60th Street 
Kenosha, Wisconsin 


Michael Kouris 
109 W. Sixth Avenue 
Cheyenne, Wyoming 


G. 8S. Fennell 

34 Alexander Street 
Mimico, Ontario 
Canada 


The following omissions were made in 
giving the list of names of persons ap- 
pointed to NCTM 1960-1961 Committees 


EXECUTIVE COMMITTEE 
Phillip S. Jones, ex officio, Ann Arbor, Mich., 
Chairman 
Myr! H. Ahrendt, ex officio, Washington, D.C. 


EpiTtorR1AL CoMMITTEE, 27TH YEARBOOK 
(TALENTED) 
Vincent J. Glennon, Syracuse, N.Y. 


MEMBERSHIP COMMITTEE 
Mary C. Rogers, Westfield, N.J., Chairman 
Pearl Bond, Beaumont, Tex. 
Janet Height, Wakefield, Mass. 
Harold J. Hunt, Seattle, Wash. 
Faith Novinger, Washington, D.C. 
Lucille Houston, Racine, Wis. 
Florence Ingham, Bartlesville, Okla. 


Room Project 
Frank Allen, LaGrange, IIl., Director 
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and Representatives (February, 1961 is- 
sue). Kindly regard these as a part of the 
earlier report. 


Steering committee 
Max Beberman, Urbana, III. 
E. G. Begle, New Haven, Conn. 
Kenneth Brown, Washington, D.C. 
Edwin C. Douglas, Watertown, Conn. 
Phillip 8. Jones, Ann Arbor, Mich. 
John R. Mayor, Washington, D.C. 
Philip Peak, Bloomington, Ind. 
G. Baley Price, Washington, D.C. 
Mina Rees, New York, N.Y. 
H. Van Engen, Madison, Wis. 


Regional directors 
M. Albert Linton, Philadelphia, Pa. 
H. Vernon Price, Iowa City, Iowa 
H. Mack Huie, Atlanta, Ga. 
William Matson, Portland, Ore. 
Clifford Bell, Los Angeles, Calif. 
Marjorie French, Topeka, Kan. 
Agnes Rickey, Miami, Fla. 
Mildred Keiffer, Cincinnati, Ohio 
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William David Reeve 





All of us who knew him, as a colleague 
working in the interest of mathematics and 
as a friend, mourn the death of Dr. W. D. 
Reeve on February 16, 1961. Dr. Reeve 
was Professor Emeritus of Mathematics 
and former head of the Department of the 
Teaching of Mathematics at Teachers 
College, Columbia University. 

Dr. Reeve was born in Edwardsport, 
Indiana, on September 11, 1883. After at- 
tending the local public schools, he was 
graduated from the Indiana State Normal 
School at Terre Haute in 1907. Feeling the 
need for further training and having heard 
of the great faculty at the University of 
Chicago gathered by President William 
Rainey Harper—Bolza, Slaught, J. W. A. 
Young, Milliken, Judd, and Gale, to men- 
tion a few—he studied there for a Bachelor 
of Science degree, which was granted in 
1909. After a year of graduate work at the 
University of Chicago and a move to the 
University High School, Dr. Reeve com- 
pleted the work for the Doctor of Philos- 
ophy degree at the University of Minne- 
sota. It was awarded in 1924. 

Dr. Reeve began his teaching career in 
the rural schools of Indiana. Like so many 
young men of his generation, he taught in 
a one-room country school immediately 
after graduation from high school in order 
to accumulate funds for continuing his 
education. He served as teacher and prin- 
cipal in his home state for several years 


and from 1910 to 1914 taught mathemat- 
ics at the University High School in Chi- 
cago. There he came under the influence of 
Franklin W. Johnson and Ernest R. Bres- 
lich. He was head of the Department of 
Mathematics at University High School in 
Minnesota and also served as principal. 

In 1923 he was appointed as Associate 
in Mathematics at Teachers College, 
Columbia University. Dr. Reeve became 
Professor of Mathematics at the college 
in 1927 and head of the Department of the 
Teaching of Mathematics in 1928. He re- 
tired in 1948 as Professor Emeritus. 

Professor Reeve was one of the leaders 
in the founding of the National Council of 
Teachers of Mathematics and the editor of 
THE Matuematics TEACHER, the official 
journal of the organization, from 1928 to 
1950. It was he who urged initiating a se- 
ries of publications of the National Council, 
the Yearbooks. He was the editor of num- 
bers four to twenty for 1929 through 1948. 

In addition to being a member of the 
National Council and the Mathematical 
Association of America, Professor Reeve 
was a life member of the National Educa- 
tion Association and the Central Associa- 
tion of Science and Mathematics Teachers. 
He also was an honorary member of the 
Mathematical Association of Great Brit- 
ain and was awarded an honorary key by 
Phi Delta Kappa. On March 31, 1953, the 
Regents of the University of Minnesota, 
upon unanimous recommendation of the 
Faculty Committee on Honors and the 
Administrative Committee of the Senate, 
presented him with the Outstanding 
Achievement Award of the University, an 
award for former students “who have 
achieved high eminence and distinction.” 

Dr. Reeve was a member of the Joint 
Commission of the Mathematical Associa- 
tion of America and the National Council 
of Teachers of Mathematics whose report 
The Place of Mathematics in Secondary 
Education was published as the Fifteenth 
Yearbook. He was the author, or co- 
author, of sixteen textbooks. The one he 
considered his major work was Mathe- 
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matics for the Secondary School—Its Con- 
tent and Methods of Teaching and Learning, 
published in 1954. 

It is impossible to evaluate the influence 
and effect of a man in a given field. One 
can say, though, that Dr. Reeve left his 


Elizabeth Marie Gugle 


In the evening hours of April 3, 1960, Miss 
E. Marie Gugle, a charter member of the Na- 
tional Council of Teachers of Mathematics and 
its fourth president, died at her home in Colum- 
bus, Ohio, at the age of 83. During her long pro- 
fessional career she made a great contribution to 
mathematics education, and every member of 
the National Council of Teachers of Mathe- 
matics, past or present, has profited from the 
wisdom and judgment of this distinguished lady. 

Miss Gugle’s leadership in education was 
widely recognized, and her wholesome influence 
rapidly spread beyond the borders of Columbus. 
She has a distinguished record as lecturer, edu- 
cational consultant, and author. Her influential 
pen is responsible for numerous articles, and in 
1920 she published a three volume series of 
mathematics texts entitled Modern Junior 
Mathematics. Early in her professional career she 
recognized that she could more effectively serve 
the interests of mathematics education through 
active association with organizations devoted to 
the study of educational problems. She joined 
the Central Association of Science and Mathe- 
matics Teachers in 1907 and in 1916 became the 
first woman to serve as president of this organi- 
zation. She was an active member of the Depart- 





mark on students and field alike; he was a 
leader in mathematics education. Some 
will remember him as an inspiring teacher, 
others as a man of firm convictions; all 
will remember him as a warm and charm- 
ing host.—Myron F. Rosskopr 


ment of Superintendence of the National Edu- 
cation Association and was elected to a two- 
year term as secretary of this department. She 
was especially proud of the fact that she was a 
charter member of the National Council of 
Teachers of Mathematics and served as its 
fourth president, 1926-28, the first woman to 
hold this office. She also served three terms as a 
member of the Board of Directors, and today 
we are the beneficiaries of her constructive and 
unselfish service. 

In a series of notes on the early history of the 
Council, one of the former presidents writes that 
“the records will not reveal all of the conse- 
crated work that Marie Gugle did for the Coun- 
cil.” He is undoubtedly correct, for records 
speak of motions and resolutions and tell of tan- 
gible action. As president and director of the 
NCTM, Miss Gugle reflected a capacity for 
leadership which inspired those whom she so 
effectively served. But how can one record those 
intangible qualities which command the respect 
of people and stir them to action? Any profes- 
sional organization is the personification of those 
who create it, and while today Miss Gugle’s 
voice is silent, she continues to speak to an ever 
widening audience.—Haro tp P. Fawcett 





Joint meeting with the NEA 


With the co-operation of the Association of 
Mathematics Teachers of New Jersey, the 
NCTM will hold a meeting during the NEA 
Convention in Atlantic City, New Jersey, June 
28, 1961. The meeting will open with a luncheon 
at noon at which John J. Kinsella, professor and 
chairman of mathematics education, New York 
University, will speak on the topic ‘“‘What IS the 
Deadwood in the Mathematics Curriculum?” 

At the General Session to follow at 2:00 
p.m. there will be a panel discussion on ‘“Ex- 
periences in Teaching Contemporary Mathe- 
matics.’’ The panel will be composed of Florence 
Elder, chairman of the Mathematics Depart- 
ment, Junior-Senior High School, West Hemp- 
stead, New York and Gail Koplin, chairman of 
the Mathematics Department, Watchung Hills 
Regional High School, Plainfield, New Jersey. 
Following the panel discussion, Sheldon S8. 
Myers, head of the Mathematics Section of the 


Test Development Division, Educational Test- 
ing Service, Princeton, New Jersey, will speak 
on the topic ‘‘Testing Programs and Contem- 
porary Mathematics.” 


Harold Gouss and Bruce E. Meserve, presi- 
dent and president-elect respectively of the 
Association of Mathematics Teachers of New 
Jersey, will serve as presiding officers at the 
luncheon and General Session. The program has 
been arranged by a committee composed of 
Florence W. Borgeson, Evan M. Maletsky, 
Mary C. Rogers, and John A. Schumaker, 
chairman. 


Those who wish to attend the luncheon 
should send reservations, with payment of $3.00 
for each person, before June 10 to Mrs. Florence 
W. Borgeson, 307 Prospect Street, Westfield, 
New Jersey. The meeting will be held in the 
Shelburne Hotel. 
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| ALGEBRA ONE 
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Mathematics Models 


New Large Size 


Brightly colored plastic is 
used to differentiate parts 
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made 














No. 7591 Pythagorean 
Theorem Model 
Each, $11.85 


The class can see every detail of the 
new large size Welch Transparent 
Mathematics Models. They average 
about a foot in height and are carefully 
made of heavy crystal-clear and 
colored transparent plastic. They con- 
trast markedly with the small models 
we formerly offered for individual stu- 
dent use. A variety of models suitable 
for most secondary-school mathematics 


courses is available, 


Write for circular 


No. 7590, Binomial Cube describing all 24 
Each, $17.00 of the models 


THE WELCH SCIENTIFIC COMPANY 


Established 1880 
1515 Sedgwick St. Dept. X Chicago 10, Ill., U.S.A. 
Manufacturers of Scientific Instruments and Laboratory Apparatus. 
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